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Abstract 



We prove the existence of bounded solutions of quadratic backward SDEs with jumps, using 
a direct fixed point approach as in Tevzadze [35] ■ Under an additional standard assumption, we 
prove a uniqueness result, thanks to a comparison theorem. Then we study the properties of the 
corresponding g-cxpectations, we obtain in particular a non linear Doob-Meyer decomposition 
for g-submartingales and their regularity in time. As a consequence of this results, we obtain 
a converse comparison theorem for our class of BSDEs. We give applications for dynamic risk 
measures and their dual representation, and compute their inf-convolution, with some explicit 
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1 Introduction 



Motivated by duality methods and maximum principles for optimal stochastic control, Bismut stud- 
ied in [6] a linear backward stochastic differential equation (BSDE). In their seminal paper |30j . 
Pardoux and Peng generalized such equations to the non-linear Lipschitz case and proved existence 
and uniqueness results in a Brownian framework. Since then, a lot of attention has been given 
to BSDEs and their applications, not only in stochastic control, but also in theoretical economics, 
stochastic differential games and financial mathematics. 

In this context, the generalization of Backward SDEs to a setting with jumps enlarges again the 
scope of their applications, for instance to insurance modeling, in which jumps are inherent. Li 
and Tang [21] first proved the wellposedness of Lipschitz BSDEs with jumps, using a fixed point 
approach simililar to the one used in |30j . 

Given a filtered probability space (Q, J-, {J~t}o<t<T > ^) generated by an R -valued Brownian motion 
B and a random measure \i with compensator u, solving a BSDE with generator g, and terminal 
condition £ consists in finding a triple of progressively measurable processes (Y, Z, U) such that for 
all t G [0,T], P-a.8. 

Y t = Z+ [ g s (Y s ,Z s ,U s )ds- [ Z s dB s - [ [ U,{x){jx - v){ds,dx). (1.1) 

Jt Jt Jt JR d \{0} 

See Section [2.11 for more precise definitions and notations. 

In this paper, g will be supposed to satisfy a Lipschitz-quadratic growth property. More precisely, 
g will be Lipschitz in y, and will satisfy the quadratic growth condition (in) of Assumption 12.11 

When the filtration is generated only by a Brownian motion, the existence and uniqueness of 
quadratic BSDEs with a bounded terminal condition has been first treated in Kobylanski |19j . 
by means of an exponential transform method, allowing to fall into the scope of BSDEs with a coef- 
ficient having a linear growth, then the result for quadratic BSDEs is obtained by an approximation 
operation. Tevzadze [36] has also given a direct proof for the wellposedness in the Lipschitz-quadratic 
setting. His methodology is fundamentally different, since he uses fixed-point approach to obtain 
existence of a solution for small terminal condition, and then pastes solutions together in the gen- 
eral bounded case. More recently, Briand and Hu [7] went beyond the bounded case to obtain an 
existence result for quadratic BSDEs with a terminal condition having finite exponential moments. 
In a similar vein, but using a forward point of view and stability results for special class of quadratic 
semimartingales, Barrieu and El Karoui [4] generalized the above results. 

Nonetheless, when it comes to quadratic BSDEs in a discontinuous setting, the literature is less 
abounding. Until very recently, the only existing results concerned particular cases of quadratic 
BSDEs, mainly with links to applications to utility maximization or indifference pricing problems. 
Thus, Becherer [5] studied first bounded solutions to BSDEs with jumps in a finite activity setting, 
and his general results were improved by Morlais [28], who proved existence of the solution to a 
special quadratic BSDE with jumps, using the same type of techniques as Kobylanski. More recently, 
Ngoupeyou [29], in his PhD thesis, extended partly the approach of [I] to the jump case. After the 
completion of this paper, we became aware of a very recent result of Laeven and Stadje [20] who 
proved a general existence result for BSDEJs with convex generators, using verification arguments. 
We emphasize that our approach is very different and do not need any convexity assumption, even 
though the two results do not imply each other. 
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Our first aim in this paper is to extend the fixed-point methodology of Tevzadze [36] to the case of 
discontinuous filtration. We first obtain our result for a terminal condition £ having a ||-|| -norm 
which is small enough. Then the result for any £ in L°° follows by splitting £ in pieces having a 
small enough norm, and then pasting the obtained solutions to a single equation. Since we deal 
with bounded solutions, the space of BMO martingales will play a particular role in our setting, 
this will be the natural space for the continuous and the pure jump martingale terms appearing in 
the BSDECLH when Y is bounded. 

In this framework with jumps, we need additional assumptions on the generator g for a comparison 
theorem to hold. Namely, we will use the Assumption 12.51 first introduced by Royer [34] in order to 
ensure the validity of a comparison theorem for Lipschitz BSDEs with jumps. We extend here this 
comparison theorem to our setting (Proposition 12. 7| ). and then use it to give a uniqueness result. 

This wellposedness result for bounded quadratic BSDEs with jumps opens the way to many possible 
applications. Barrieu and El Karoui [3] used quadratic BSDEs to define time consistent convex risk 
measures and study their properties. We extend here some of these results to the case with jumps. 
When the generator g is independent of y and convex in (z, u), we can define through the solution of 
the BSDE a convex operator acting on the terminal condition. This operator, called ^-expectation, 
has been first studied by Peng [31], and then extended to the case of quadratic coefficients by Ma 
and Yao [26], or to discontinuous nitrations by Royer |34j and Lin [25] . 

In this paper, we go further in the study of quadratic BSDEs with jumps by proving a non-linear 
Doob Meyer decomposition for g-submartingales. As a consequence, we obtain a converse compari- 
son theorem. 

The last two results are dedicated to an explicit dual representation of the solution Y, when g is 
independent of y and convex in (z,u). This allows to study some particular risk measures on a 
discontinuous filtration, like the entropic risk measure, corresponding to the solution of a quadratic 
BSDE. Finally, we prove an explicit representation for the inf-convolution of quadratic BSDEs, thus 
giving the form of the optimal risk transfer between two agents using quadratic convex ^-expectations 
as risk measures. The inf-convolution is again a convex operator, solving a particular BSDE. We 
give a sufficient condition for this BSDE to have a coefficient satisfying a quadratic growth property. 

The rest of this paper is organized as follows. In Section [21 we obtain our general existence and 
uniqueness result, then in Section El we study general properties of quadratic g-martingales with 
jumps, such as regularity in time and the Doob- Meyer decomposition. Finally, Section H] is devoted 
to the two applications mentioned above. 



2 An existence and uniqueness result 
2.1 Notations 

Given a filtered probability space (n,J-,{J-t} 0<t<T ,¥) generated by a Revalued Brownian mo- 
tion B, solving a BSDE with generator g, and terminal condition £ consists in finding a pair of 
progressively measurable processes (Y, Z) such that 

Y t = S+ f g s (Y s ,Z s )ds- [ Z s dB s , F-a.s, t€ [0,T]. (2.1) 
Jt Jt 

The process Y we define this way is a possible generalization of the conditional expectation of £, 
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since when g is the null function, we have Y t = E p [£\F t ], and in this case, Z is the process appearing 
in the (J-t)-martingale representation property of {E p [£\J~t] , t > 0}. 

In the case of a filtered probability space generated by both a Brownian motion B and a Poisson 
random measure \i with compensator u, the martingale representation for {E p [£\J-t] , t > 0} becomes 



®*[t\?t]= [ Z„dB a + [ [ U s {x)ji{dx,ds) 

Jo JO JR d \{0} 



where U is a predictable function, and fj, = jjL — v. 

This leads to the following natural generalization of equation (12 . 1 [) to the case with jumps. 



Definition 2.1. Let £ be a Tt -measurable random variable. A solution of the BSDEJ with terminal 
condition £ and generator g is a triple (Y, Z, U) of progressively measurable processes such that 



Y t = ^+ [ g s (Y s ,Z s ,U s )ds- [ Z s dB s - [ [ U s (x)Jl(dx,ds), < t < T, P - a.s. (2.2) 
Jt Jt Jt Jm. d \{o} 

where g : O x [0, T] x R x R d x A{E) — > R is a given application and 

A{E) := iu : R d \{0} -> R, S(R d \{0}) - measurable} . 

The processes Z and U are supposed to satisfy the minimal assumptions so that the quantities 
in (|2.2p are well defined, namely (Z, U) £ Z x U, where Z denotes the space of all F-predictable 
Revalued processes Z with 

T 

\Z t \ 2 dt < +oo, P- a.s. 



o 

and U denotes the space of all F-predictable functions U with 

\U s (x)\ 2 vt(dx)ds < +oo, P — a.s. 

JR d \{0} 

Notice that in this discontinuous setting, the generator g depends on both Z and U. Here U plays 
a role analogous to the quadratic variation in the continuous case. However, there are some notable 
differences, since for each t, Ut is a function from E into R rf \{0}, and that is why the treatment 
of the dependence in u in the assumptions for the generator is not symmetric to the treatment of 
the dependence in z, and in particular we deal with Frechet derivatives with respect to u. See for 
instance Assumption 12.31 

When we pass from the continuous setting to the discontinuous one, the natural analogue of the 
integral with respect to the Brownian motion would be the integral with respect to a compensated 
Poisson random measure. The compensator would not depend on t, nor on u), by comparison to the 
non dependence in co of the quadratic variation of the Brownian motion. 

However we will allow the compensator of the jump measure that we will consider to depend on 
both t and uj. This will not increase the complexity of our proofs, provided that the martingale 
representation property of Assumption 12.21 holds true. 

We consider in all the paper a filtered probability space (^l, J 7 , (J~t) 0<t<T , P^ , whose filtration 
satisfies the usual hypotheses of completeness and right-continuity. We suppose that this filtration 
is generated by a <i-dimensional Brownian motion B and an independent integer valued random 
measure fi(u,dt,dx) defined on R + x E, with compensator X(uj,dt,dx), where E := M. d \{0}. := 
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S7 x R + x E is equipped with the sigma- field V := V x £, where V denotes the predictable a- field 
on Q x M + and £ is the Borel a- field on E. 

To guarantee the existence of the compensator \(oj, dt, dx), we assume that for each A in B{E) and 
each co in Q, the process X t := /i(u;, A, [0, t]) S -4^ c , which means that there exists an increasing 
sequence of stopping times (T n ) such that T n — > +00 a.s. and the stopped processes Xj n are 
increasing, cadlag, adapted and satisfy E[Xoo] < +00. 

We assume in all the paper that A is absolutely continuous with respect to the Lebesgue measure 
dt, i.e. X(uj,dt,dx) = v t {ui,dx)dt. Finally, we denote Jl the compensated jump measure: 

JI(uj, dx, dt) = fi(uj, dx, dt) — v t (yi, dx) dt. 

2.2 Standard spaces and norms 

We introduce the following norms and spaces for any p > 1. 

S p is the space of M- valued cadlag and J-j-progressively measurable processes Y such that 



\Y\\ P SP := E 



sup Y p 

0<t<T 



< +00. 



S°° is the space of R- valued cadlag and J-t-progressively measurable processes Y such that 



\Y\ 



SUp Hitlloo < 



0<t<T 



W p is the space of Revalued and J-t-progressively measurable processes Z such that 



\y\\v TffU 



\Z t \ 2 dt 







< +00. 



The three spaces above are the classical ones in the BSDE theory in continuous nitrations. We 
introduce finally a space which is specific to the jump case, and which plays the same role for U as 
MP for Z. 

JJ P is the space of predictable and ^-measurable applications U : Q, X [0, T\ x E such that 



JE 



\U s {x)\ v s (dx)ds 



< +00. 



2.3 A word on cadlag BMO martingales 

The recent literature on quadratic BSDEs is very rich on remarks and comments about the very 
deep theory of continuous BMO martingales. However, it is clearly not as well documented when it 
comes to cadlag BMO martingales, whose properties are crucial ingredients in this paper. Indeed, 
apart from some remarks in the book by Kazamaki [17], the extension to the cadlag case of the 
classical results of BMO theory, cannot always be easily find. Our main goal in this short subsection 
is to give a rapid overview of the existing literature and results concerning BMO martingales with 
cadlag trajectories, with an emphasis where the results differ from the continuous case. Let us start 
by recalling some notations and definitions. 
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BMO is the space of square integrable cadlag Revalued martingales M such that 



I m IIbmo : = SU P 



E; 



< +00, 



where T^f is the set of Ft stopping times taking their values in [0, T] . 

Jg MO is the space of predictable and ^-measurable applications U : ft x [0, T] x E such that 



\u\\l 



U s (x)/j,(dx, ds) 



JE 



< +00. 



BMO 



BMO is the space of IR^-valued and J^-progressively measurable processes Z such that 



I 7II 2 

\£> THI2 



J DMO 



ZedBc 



< +00. 



BMO 



As soon as the process < M > is defined for a martingale M, which is the case if for instance M 
is locally square integrable, then it is easy to see that M € BMO if the jumps of M are uniformly 
bounded in t by some positive constant C and 



sup 



[< M> T - < M > T ] 



< c. 



Furthermore the BMO norm of M is then smaller than 2C. 

We also recall the so called energy inequalities (see [T7] and the references therein) . Let Z 6 H BMO , 
U G 

^bmo an d P > 1- Then we have 



E J 



E 1 



T 



\ZJ ds 



T 



Ug(x)v s (dx)ds 



(2.3) 
(2.4) 



Let us now turn to more precise properties and estimates for BMO martingales. It is a classical 
result (see [17] ) that the Doleans-Dade exponential of a continuous BMO martingale is a uniformly 
integrable martingale. Things become a bit more complicated in the cadlag case, and more assump- 
tions are needed. Let us first define the Doleans-Dade exponential of a square integrable martingale 
X, denoted £{x). This is as usual (see for instance Protter [33]) the unique solution Z of the SDE 



Z t = l+ / Z s -dX s , 



a.s., 



and is given by the formula 



S(X) t = e x ^< xc > 



* ' [ (l + AX s )e 



■AXs 



0<s<t 



One of the first results concerning Doleans-Dade exponential of BMO martingales was proved by 
Doleans-Dade and Meyer [10] . They showed that 



Proposition 2.1. Let M be a cadlag BMO martingale such that ||M|| BMO < 1/8. Then £{M) is a 
strictly positive uniformly integrable martingale. 
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The constraint on the norm of the martingale being rather limiting for applications, this result 
was subsequently improved by Kazamaki [15], where the constraints is now on the jumps of the 
martingale 

Proposition 2.2. Let M be a cadlag BMO martingale such that there exists 5 > with AMj > 
— 1 + S, for all t G [0, T\, F — a.s. Then £(M) is a strictly positive uniformly integrable martingale. 

Furthermore, we emphasize, as recalled in the counter-example of Remark 2.3 in [IT], that a complete 
generalization to the cadlag case is not possible. We also refer the reader to Lepingle and Memin [22 j 
and [23] for general sufficient conditions for the uniform integrability of Doleans-Dade exponentials 
of cadlag martingales. This also allows us to obtain immediately a Girsanov Theorem in this setting, 
which will be extremely useful throughout the paper. 

Proposition 2.3. Let us consider the following cadlag martingale M 



where (tp, 7) G H| MO x J| MO H L°°{v) and where there exists 5 > with 74 > — 1 + 5, F x du t — a.e., 
for all t G [0, T] . 

Then, the probability measure Q defined by ^8 = £ (M.) , is indeed well-defined and starting from 
any F '-martingale, by, as usual, changing adequately the drift and the jump intensity, we can obtain 
a Q- martingale. 

We now address the question of the so-called reverse Holder inequality, which implies in the contin- 
uous case that if M is a BMO martingale, there exists some r > 1 such that £{M) is L r -integrable. 
As for the previous result on uniform integrability, this was extended to the cadlag case first in |10j 
and |16j . with the additional assumption that the BMO norm or the jumps of M are sufficiently 
small. The following generalization is taken from |13j 

Proposition 2.4. Let M be a cadlag BMO martingale such that there exists 5 > with AMt > 
-1+6, for all t G [0, T], F - a.s. Then £(M) is in U for some r > 1. 

We finish this short survey by considering the so-called Muckenhoupt condition. In [17] . Kazamaki 
showed that the BMO property a of continuous martingale M was equivalent to the existence of 
some p > 1 such that F — a.s. 



for some constant C p depending only on p. The generalization to the cadlag case has once more 
been obtained by Kazamaki [16J who showed that 

Proposition 2.5. Let M be a cadlag martingale. Then 

(i) If — 1 < AMt < C for some constant C and for every t, and if M satisfies (|2.5p for some 
p>\, then M is BMO. 

(ii) If M is BMO, then there exists some a > such that — 1 < a AMt < C a and such that aM 
satisfies (|2.5p for some p > 1. 





(2.5) 
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2.4 The non-linear generator 

Recall the Definition 11.11 of backward SDEs with jumps. We need now to specify in more details 
the assumptions we make on the generator g. The most important assumption in our setting in our 
setting will be the quadratic assumption of Assumption 12 . 1 1 (ii) below. It is the natural generalization 
to the jump case of the usual quadratic growth assumption in z. Before proceeding further, let us 
define the following function 



j t (u) := f [e<^ -l-u{x))v t {dx). 



This function j(u) plays the same role for the u variable as the square function for the variable z. 
In order to understand this, let us consider the following "simplest" quadratic BSDE with jumps 

Ut = i + J^ (l^\z s \ 2 + ^3s{iu s )^ ds - z s dB s - J u s (x)Jl(dx,ds), P - a.s. 

Then a simple application of Ito's formula gives formally 

e w = e ii _ J e^ZsdBs - J J e 7 ^~ - l) Jl(dx, ds), P - a.s. 

Still formally, taking the conditional expectation above gives finally 
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a.s., 



and we recover the so-called entropic risk measure which in the continuous case corresponds to a 
1 

2 



BSDE with generator % |z| 2 . 



Of course, for the above to make sense, the function j must at the very least be well defined. A 
simple application of Taylor's inequalities shows that if the function x t— > u(x) is bounded dut — a.e. 
for every < t < T, then we have for some constant C > 

< e < x ) - l - u(x) < Cu 2 {x), du t - a.e. for every < t < T. 

Hence, if we introduce for 1 < p < +oo the spaces 

L p (v) := {u, £-mesurable, such that u G L v {yt) for all < t < T} , 

then j is well defined on L 2 (u) n L°°(u). 

We now give our quadratic growth assumption on the generator g 
Assumption 2.1. [Quadratic growth] 

(i) For fixed (y,z,u), g is F-progressively measurable. 

(ii) For any p > 1 



esssup p E 



T \P 

|^(0,0,0)| ^ 



< +oo, P- a.s. (2.6) 



(iii) g has the following growth property. There exists (/3, 7) G P+ x and a positive predictable 
process a satisfying the same integrability condition (j2.6|) as gt(0, 0, 0), such that for all (u, i, y, z, u) 

-a t -p\y\-l \ z \ 2 - -jt(-ju) < g t {uj, y, z, u) - g t {0, 0,0)<a t + (3 \y\ + J \z\ 2 + -jt^u). (2.7) 
27 27 



S 



Remark 2.1. We emphasize that unlike the usual quadratic growth assumptions for continuous 
BSDEs, condition (j2.7|) is not symmetric. It is mainly due to the fact that unlike the functions |.| 
and \.\ , the function j is not even. Moreover, by having this non-symmetric condition, it is easily 
seen that if Y is a solution to equation (j2.2[) with a generator satisfying the condition (|2.7p . then 
—Y is also a solution to a BSDE whose generator satisfy the same condition (|2.7h . More precisely, 
if (Y, Z, U) solves equation (|2.2p . then (-Y, —Z,—U) solves the BSDE J with terminal condition — £ 
and generator gt{y, z, u) := —gt(—y, —z, —u) which clearly also satisfies (12. 7ft , This will be important 
for the proof of Lemma \2.1\ 

We also want to insist on the structure which appears in ()2.7[) . Indeed, the constant 7 in front of the 
quadratic term in z is the same as the one appearing in the term involving the function j . As already 
seen for the entropic risk-measure above, if the constants had been different, say respectively 71 and 
72, the exponential transformation would have failed. Moreover, since the function 7 1— > J~ 1 jt('~fu) is 
not monotone, then we cannot increase or decrease 71 and 72 to recover the desired estimate (12. 7p . 

2.5 A priori estimates 

We first prove a first result, which shows a link between the BMO spaces and quadratic BSDEs with 
jumps. We emphasize that only Assumption 12 . 1 1 is necessary to obtain them. Before proceeding, we 
denote for all t G [0, T], the collection of stopping times taking values in [t,T]. We also define 
for every x G R and every r] 7^ 

hJx) := eVX ~ 1 -^. 

V 

The function h^ already appears in our growth Assumption 12 . 1 ( ii) . and the following trivial property 
that it satisfies is going to be crucial for us 

h 2r ,{x) = K - ; + h n {x). (2.8) 

We also give the two following inequalities which are of the utmost importance in our jump setting. 
We emphasize that the first one is trivial, while the second one can be proved using simple but 
tedious algebra. 



2 < e x + e~ x , for all x G R (2.9) 
x 2 < a (e x - l) 2 + 1 ~ 6 ' , for all (a, x) £R* + x R. (2.10) 



a 



We then have 



Lemma 2.1. Let Assumption \2. 1\ hold. Assume that (Y,Z,U) is a solution of the BSDE (j2.2[) such 
that (Z, U) G Z x U , the jumps ofY are bounded and 



esssup p E; 



exp 27 sup ± Y t I V exp 47 sup ± Y t 

\ T<t<T I \ T<t<T 



< +00, F-a.s. (2.11) 



Then Z E M| MO and U G j| MO n L°°{y). 



Proof. First of all, since the size of the jumps of Y is bounded, there exists a version of U, that is 
to say that there exists a predictable function U such that for all t G [0, T] 



L 



U t (x)-U t (x) \ t (dx) = 0, 
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and such that 



Ut{x) 



< C, for all t. 



For the sake of simplicity, we will always consider this version and we still denote it U. For the 
proof of this result, we refer to Morlais 



Let us consider the following processes 

rT rT 



e 2 ~' Yt Z t dB t and J e 2 ^" (e 2 ^^ - l) Jl{dx,dt). 



We will first show that they are local martingales. Indeed, we have 

'T 



[ e^ Yt Z 2 t dt < exp (47 sup Y t 

JO \ 0<t<T 



Zfdt < +00, P- a.s., 







since Z G Z and (I2.1ip holds. 
Similarly, we have 

f [ e AlYt Ut{x)u t {dx)dt < exp (47 sup yA [ [ U? {x)v t (dx)dt < +00, P - a.s., 
Jo Je \ 0<t<T J Jo Je 

since U G U and (12TTTT) holds. 

Let now (r n ) n >i be a localizing sequence for the P-local martingales above. By Ito's formula under 
P applied to e 2lYt , we have for every r G 

^ £ e^ Y \Z t \ 2 dt + 2 7 £ J e 2 ^ Y h 2j (U t (x)) u t {dx)dt 
= e ^Yr n _ e -*,Y T + 27 J e W gt (Y u Z u U t )dt - 2 7 J e 2 ^Z t dB t 

l^j Ji{dx, dt) 

< e 27r - - e" 2 ^ + 2 7 £ e 2 ^ (a t + \g t (0, 0,0)\+P \Y t \ + 1 \Z t \ 2 + Jjh ( U t( x )) dt 



g 2 7 Y t _ ( e 2rtU t (x) 



I e 2 ^ Yt ZtdB t - J J^e 



a.s. 



Now the situation is going to be different from the continuous case, and the property (|2.8p is going 
to be important. Indeed, we can take conditional expectation and thus obtain 



E: 



r 



£ e 2 ^ \Z t \ 2 dt + £ J e 2 ^ (f u ^ - l)\ t (dx)dt 



<C\1 + K 



<C 1 + E* 



{a t + 1^(0,0,0)1)^ +exp ( 2 7 sup Y t | + exp ( 4 7 sup Y t 

J \ T<t<T / \ T<t<T 



exp 27 sup Y t V exp 47 sup Y t 

\ T<t<T I \ T<t<T 



where we used the inequality 2ab < a 2 + b 2 , the fact that for all \x\ e x < C(l + e 2x ) for some 

constant C > (which as usual can change value from line to line) and the fact that Assumption 
EUpi) and (iii) hold. 
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Using Fatou's lemma and the monotone convergence Theorem, we obtain 



E! 



7 2 ^ e 2 ^\Z t \ 2 dt + ^ J e 2 ^(e^-lfu t (dx)dt 



<C l + esssup p ¥F T 



exp 27 sup Y t V exp 47 sup Y t 

\ T<t<T I \ T<t<T 



(2.12) 



Now, we apply the above estimate for the solution (— Y, —Z, —U) of the BSDEJ with terminal 
condition — £ and generator gt(y,z,u) := —gt(—y,—z,—u), which still satisfies Assumption 12.11 (see 
Remark O) 
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|V 2 ^ \Z t \ 2 dt + £ f e" 2 ^ ( e -^W - l) 2 „ t ((faO<tt 



exp 27 sup {—Y t ) V exp 47 sup (— Y t ) 

\ T<t<T I \ T<t<T 



<C\ l + esssup r E^ 
Let us now sum the inequalities (|2.12p and fj2. 13f) . We obtain 



(2.13) 



E_ 



j\ 2 (e 2 ^+e~ 2 ^) \Z t \ 2 + J e 2 ^ (e^ - if + e" 2 ^ (e~^ - if v t {dx)dt 



<C l + esssup p E P 



sup {exp (2 7 Y) V exp (4 7 Y) + exp (2 7 {-Y t )) V exp (4 7 (-Y t ))} 

r<i<T 



Finally, from the inequalities (|2.9j) and (|2.10p . this shows the desired result. 
Remark 2.2. In the above Proposition, if we only assume that 



□ 



E J 



exp 27 sup ± Yt 1 V exp 47 sup ± Y t 

\ 0<t<T I \ 0<t<T 



< +OO, 



then the exact same proof would show that (Z,U) S H 2 x J 2 . Moreover, using the Neveu-Garsia 
Lemma in the same spirit as Q/, we could also show that (Z, U) £ H p x JP for all p > 1. 



We emphasize that the results of this Proposition highlight the fact that we do not necessarily need 
to consider solutions with a bounded Y in the quadratic case to obtain a priori estimates. It is 
enough to assume the existence of some exponential moments. This generalizes to the jump case 
some of the ideas developed in [7J and [3]. Nonetheless, our proof of existence will rely heavily 
on BMO properties of the solution, and the simplest condition to obtain the estimate (|2.1ip is to 
assume that Y is indeed bounded. The aim of the following Proposition is to show that we can 
control the 5°° norm of Y by the L°° norm of £. Since the proof is very similar to the proof of 
Lemma 1 in [7J, we will omit it. 

Proposition 2.6. Let £ 6 L°°. Let Assumption \2.1\ hold and assume that |<?(0, 0,0) | + a < M for 
some constant M > 0. Let (Y, Z, U) £ S°° x M 2 x J 2 be a solution of the BSDE ([22]). Then we have 

P P{T-t) _ 1 

I Y| < 7 Af - —t + 7 e^ T " i ) ||£|| LOO . 
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2.6 Existence and uniqueness for a small terminal condition 



The aim of this Section is to obtain an existence and uniqueness result for BSDEJ with quadratic 
growth when the terminal condition is small enough. However, we will need more assumptions for our 
proof to work. First, we assume from now on that we have the following martingale representation 
property. We need this assumption since we will rely on the existence results in pQ or [21] which 
need the martingale representation. 

Assumption 2.2. Any local martingale M has the predictable representation property, that is to 
say, that there exists a unique predictable process H and a unique predictable function U such that 
(H,U)eZxU and 

M t = M + [ H s dB s + I I U s (x)Jl(dx,ds), P — a.s. 
Jo Jo Je 

Remark 2.3. This martingale representation property holds for instance when the compensator v 
does not depend on lj, i.e when v is the compensator of the counting measure of an additive process 
in the sense of Sato 135)/ . It also holds when v has the particular form described in I18f . in which 
case v depends on u. 

Of course, we also need to assume more properties for our generator g. 

Assumption 2.3. [Lipschitz assumption] 

Let Assumption \2. IV i). ( ii) hold and assume furthermore that 

(i) g is uniformly Lipschitz in y. 

\g t (u,y,z,u) - g t (u,y',z,u)\ < C\y- y'\ for all (u,t,y,y' , z,u). 

(ii) 3 fi > and <f> G 1H| M q such that for all (t,y, z, z' ,u) 

\g t (u,y,z,u) - g t (u,y,z',u) - 4> t .(z - z')\ < fj,\z-z'\ (\z\ + \z'\) . 

(iii) 3 [i > and ip G Jbmo sucn t na t for all (t, x) 

C7i(lA|x|)<^(x)<C 3 (lA|x|), 
where C2 > 0, C\ > — 1 + 5 where 5 > 0. Moreover, for all (w, t, y, z, u, v!) 

\g t (u,y,z,u) - g t (u},y,z,u)- <tp t ,u- u > t \ < /U \\u - u\\ L2[vt) (\\u\\ L 2 {ut) + |K|| i2{i , t) ) , 

where < u\,U2 >t'= fE u i( x ) u 2(x)i't(dx) is the scalar product in L 2 (u t ). 



Remark 2.4. Let us comment on the above assumptions. The first one concerning Lipschitz conti- 
nuity in the variable y is classical in the BSDE theory. The two others may seem a bit complicated, 
but they are almost equivalent to saying that the function g is locally Lipschitz in z and u. In the 
case of the variable z for instance, those two properties would be equivalent if the process (ft were 
bounded. Here we allow something a bit more general by letting <f> be unbounded but in Hg M0 . Once 
again, since these assumptions allow us to apply the Girsanov property of Proposition \2.3l we do 
not need to bound the processes and BMO type conditions are sufficient. Moreover, Assumption \2.3\ 
also implies a weaker version of Assumption [Ol Indeed, it implies clearly that 

\g t (y,z,u) - # t (0,0,0) - fa.z- < i> t ,u > t \ <C\y\ + ^ (\z\ 2 + IMI^^J . 
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Then, for any u 6 L 2 (v) n L°°(y) and for any 7 > 0, we have using the mean value Theorem 
l e -7lMI £ - M | H |2 2{ ^ < I it(±7u) < I^IHIx-m | M |2 2( ^ 

Therefore we deduce using the Cauchy-Schwarz inequality and the trivial inequality 2ab < a? + b 2 



9t(y,z,u) -0 t (0,0,0) < 



+ 



+ C|y| + [n + 



1 



2e 7ll«ll £ oo M N 

M H ^ M7«) 



9t(y,z,u) -pt (0,0,0) > 



c|y|- 



H ^ — Jt(-7«) 



M^e now c/iecA; i/iaf i/te term \<p t \ /2 + HV'tllx^A /2 akwe satisfies the integrability condition (|2.6p . 
We Ziawe /or any p > 1 

\ \ Pi 



esssup p 



rer r 



M 2 ! H^llW,) ' 



r// 



< C p ess sup E r 



+ C P esssup p E* 



T \ P 



T 



dt 



for some constant C„ > depending only on p. 



Let us concentrate only on the first term on the right-hand side above, since the other one can be 
treated similarly. Given that our family of stopping times is upward directed, we know by definition 
of the essential supremum that there exists some sequence (r n ) n >o C Tq such that 



ess sup p E; 



T \P 
\<Pt\ 2 dt 



lim tK 



T \ P 

\<t> t \ 2 dt 



a.s. 



Thus, by the monotone convergence theorem and the tower property of conditional expectation, we 
have 











E p 


esssup p E p 


(/>i 2 *) P _ 













lim tE 

n— >+oo 



lim |E 









[( 


f \4>t\ 2 dt) 











T \ P 

M 2 <# 



< +00, 



by the energy inequalities (|2.3|) . which hold since (j> € Hg M Q. 
Consequently, we have 



ess sup r E p 



and a similar inequality holds for ip. 



T \P 
\cf>t\ 2 dt 



< +00, 



a.s. 



Hence, we have obtained a growth property which is similar to (|2.7p . the only difference being that 
the constants appearing in the quadratic term in z and the term involving the function j are not the 
same. This prevents us from recovering the structure already mentioned in Remark \2.1\ 
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We now show that if we can solve the BSDEJ (|2.2p for a generator g satisfying Assumption 12 . 31 with 
<f) = and tp = 0, we can immediately obtain the existence for general 4> and ift. This will simplify 
our subsequent proof of existence. Notice that the result relies essentially on the Girsanov Theorem 
of Proposition [ 



Lemma 2.2. Define 

g t (u,y,z,u) := g t (u,y,z,u)- < 4>t(^)^ z >r^ ~ < >i?(y t ) ■ 

Then (Y, Z, U) is a solution of the BSDEJ with generator g and terminal condition £ under P if 
and only if (Y, Z, U) is a solution of the BSDEJ with generator g and terminal condition £ under Q 
where 

^=£^J 4> s dB s + J J^ip s (x)Ji(dx,ds)j. 

Proof. We have clearly 

Y t = i+ [ g s (Y s ,Z s ,U s )ds- f Z s dB s - [ [ U s (x)Jl(dx,ds) 

Jt Jt Jt J E 

&Y t = £+ f g s {Y s ,Z s ,U s )ds- f Z s {dB s -<f> s ds) 
Jt Jt 

T f - 

U s (x)(Jl(dx,ds) — ip s (x)v s (dx)ds). 



t JE 

Now, by our BMO assumptions on <p and ip and the fact that we assumed that ip > — 1 + S, we can 
apply Proposition 12.31 and Q is well defined. Then by Girsanov Theorem, we know that dB s — <p s ds 
and Jl(dx,ds) — ip s (x)i'(dx)ds are martingales under Q. Hence the desired result. □ 

Remark 2.5. It is clear that if g satisfies Assumption \2.3l then g defined above satisfies Assumption 
{EEwith = ^ = 0. 



Following Lemma 12.21 we assume for the time being that g(0, 0,0) = <f> = ip = 0. Our first result is 
the following 

Theorem 2.1. Assume that 

U\\oo< 



2 v / T5\/2670^e2 C " r 

where C is the Lipschitz constant of g in y, and fj, is the constant appearing in Assumption \2.S[ 
Then under Assumption \2.S\ with (j> = 0, ip = and ^(0, 0,0) = 0, there exists a unique solution 
(Y, Z, U) G S°° x M| MO x Jj| MO n L°°(u) of the BSDEJ (|2T2|) . 



Remark 2.6. Notice that in the above Theorem, we do not need Assumption \2.1\f iii) to hold. This 
is linked to the fact that, as discussed in Remark \2.4\ Assumption \2.3\ implies a weak version of 
Assumption \2.lV iii), which is sufficient for our purpose here. 

Proof. We first recall that we have with Assumption 12.31 when g(0, 0, 0) = ^ = ■0 = 

\gt(y,z,u)\ < C\y\ +n\z\ 2 + n\\u\\ 2 L 2( Ut) ■ (2.14) 
Consider now the map $ : (y, z, u) £ 5°° x H| MO x JT| MO n L°°(u) ->■ (Y, Z, U) defined by 

Y t = Z+ f g s (Y s ,z s ,u s )ds- [ Z s dB s - f [ U s (x)Ji(dx,ds). (2.15) 
Jt Jt Jt Je 
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The above is nothing more than a BSDE with jumps whose generator depends only on Y and 
is Lipschitz. Besides, since (z,u) G H| MO x Jg MO ^ L°°(v), using (|2.6p . (|2.14p and the energy 
inequalities (|2.3|) we clearly have 

2" 



E 



|ff s (0,z s ,w s )| ds 



< +00. 



Hence, the existence of (Y, Z, f/) 6 5 2 x I 2 x J 2 is ensured by the results of Barles, Buckdahn and 
Pardoux pQ or Li and Tang [23] for Lipschitz BSDEs with jumps. Of course, we could have let the 
generator in f|2. 15j) depend on (y s ,z s ,u s ) instead. The existence of (Y,Z,U) would then have been 
a consequence of the predictable martingale representation Theorem. However, the form that we 
have chosen will simplify some of the following estimates. 

Step 1: We first show that (Y, Z, U) G 5°° x M| MO x J 2 MO n L°°{u). 

Recall that by the Lipschitz hypothesis in y, there exists a bounded process A such that 

g s (Y s ,z s ,u s ) = X S Y S + g s (0,z s ,u s ). 

Let us now apply Ito's formula to ef Xudu \ Y S \. We obtain easily from Assumption 12.31 



Y = Ef 



e j? ^ + r e s: x ud u {XsYs + ffs(0) Zg) Us))ds _ r Ke j t ° xudu Ysds 

Jt Jt 



T 



<neiL+c(iki 



ft + ^ / e / t S A»d« |^|2 + / n 2 (x)l/s ^ x) ds 



HI 2 



+ Mi 2 



Therefore Y is bounded and consequently, since its jumps are also bounded, we know that there is 
a version of U such that 

II^IIl°°o) — ^ ll^lls 00 • 

Let us now prove that (Z, U) G Hbmo x ^bmo- Applying Ito's formula to e vt \ Y t \ 2 for some 77 > 0, 
we obtain for any stopping time r G 7^ 



e nr \Y T \ 2 + E 
= E 



e" a |Z a rds + 



T 



e V8 Uf(x)v a (dx)ds 



<E! 



e ^2 + 2 y e "'Y a g a {Y a ,z a ,u t )d8-Ti I e^ s \Y S \ 2 ds 
e" T e 2 + (2C - 77) y e r ' s |Y s | 2 ( i S + 2||Y|| iSoo y e" s | 5 . 



(0,2 s ,it s )| ds 



Choosing 7/ = 2C, and using the elementary inequality 2ab < ^ + e6 2 , we obtain 



|Y r |^ + E^ 



T 



|ZJ (is + 



T 



r 



<E! 



e ^ 2 + e ||Y|| 2 +f 



2r?T 



U 2 (x)v s (dx)ds 



T \ 2 

|g s (0,^ s ,tt a )| ds 



Hence, 



- e) 11^111-. + + ||C/|li 2 < e" T HellL + 64 M 2 



2t,T 



I II 4 1 II || 1 

\ z Iff 2 "1 " J 2 
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And finally, choosing e = 1/2 



1 "° " BMO 



+ \\U\\ 2 P < 2e" T ||e||^ + 256 j uV" r (|MIh 2 + Nl}» 

11 '^rmh ii^iicxj ' \ ii iiJnip,,,^ ii iijj r 



Our problem now is that the norms for Z and U in the left-hand side above are to the power 2, while 
they are to the power 4 on the right-hand side. Therefore, it will clearly be impossible for us to 
prevent an explosion if we do not first start by restricting ourselves in some ball with a well chosen 



radius. This is exactly what we are going to do. Define therefore R 
llflL < ^=A^ and that 



and assume that 



lylLcoo + II^-IIm 2 "T" 1 1 1 1 TT2 + \\u\\ r oo(,,\ 

" BMO 11 IIJ) BMO 11 ULl W 



< R 2 . 



Denote A := \\Y\\ 2 Soc + II^IIh| mo + II^Hl 2 ^ + \\ U \\l<*>(v)- We have > since ll^lli-H < 4 ll y lls= 



A < 5 HVHloo + \\Z\gi +\\U\\ 2 2 < 10e uT HCII^o + 1280/i 2 e 2 ^ T (| 

11 110 11 BMO " J BMO " 1100 V 

2R 2 



ni i n iii 

2 H 2 + P ff 2 

BMO J BMO 



< 



+ 3560/i 2 e 2iyT i? 4 



2^ i? 2 

3 + 3 



R 2 . 



Hence if Br is the ball of radius R in 5°° xH| MO x Jj| MO nL°°(^), we have shown that <£(£>#) C Br. 

Step 2: We show that $ is a contraction in this ball of radius R. 

For i = 1,2 and (y i ,z i ,u i ) G B R , we denote (Y i ,Z i ,U i ) := ^(y i ,z i ,u i ) and 

<fy : = y 1 - y 2 , := z 1 - z 2 , <fa := u l - n 2 , := Y 1 - Y 2 

5Z := Z 1 - Z 2 , 5U := U 1 - U 2 , 5g := g(Y 2 , z 1 , u 1 ) - g(Y 2 , z 2 ,u 2 ). 

Arguing as above, we obtain easily 

T y 2 

\Sg s \ ds 



'BMO 



+ \ml lMO + \\SU\\ 2 2 _<4e^ S n V J^ 

We next estimate that 









(k 


J \Sg s \ds 


) 2 <2^ 2 (e£ 









h |4| 



+ 2/jr ( E 



Il 2 (^ 



< 2/i 2 E^ 



+E 



< 4i?V I E 



|(5z,| (is 



\U. 



T 



\L\v a 



ds 



\Su, 



T 



ds 



e l : 



ds 



\5z s \ ds 

< 32/?y (iifc|ie 2 MO + iihi 



+ E* 

2 

I 2 

BMO 



8u 2 {x)v{dx)ds 



16 



From these estimates, we get 



1 "° 11 BMO 



16 

267 



HI 2 + 



J2 + \\Su\\U 

BMO 'BMO 



[2 

"BMO 



Therefore <]? is a contraction which has a unique fixed point. 
Then, from Lemma 12.21 we have immediately the following corollary 
Corollary 2.1. Assume that 



□ 



Ml 



< 



1 



2 V / 15V2670^ef CT ' 

where C is the Lipschitz constant of g in y, and jjL is the constant appearing in Asssumption 
Then under Assumption \2.S\ with g(0, 0, 0) = 0, there exists a unique solution (Y, Z, U) £ 5°° x 
H bmo x J bmo n L °°( u ) °f the BSDEJ ([23]) . 

We now show how we can get rid off the assumption that gt(0, 0, 0) = 0. 
Corollary 2.2. Assume that 

1 



[ |^(0,0,0)| eft 
J 



< 



2 v / T5v / 2670^ei c " r ' 



where C is the Lipschitz constant of g in y, /i is the constant appearing in Asssumption \2.3i and D 
is a large enough positive constant. Then under Assumption ] 2. S\ there exists a solution (Y, Z, U) £ 
S°° x M| MO x J| MQ n L°°(u) of the BSDEJ $T$ . 



Proof. By Corollary 12.11 we can show the existence of a solution to the BSDEJ with generator 
g t (y, z, u) := g t (y - J * g s (0, 0, 0)ds, z, u) - g t (0, 0, 0) and terminal condition f := ^ + J Q T g t (0, 0, 0)dt. 
Indeed, even though ~g is not null at (0,0,0), it is not difficult to show with the same proof as in 
Theorem 12.11 that a solution (Y,Z,U) exists (the same type of arguments are used in |36j). More 
precisely, g still satisfies Assumption I2.3( i) and when (j> and ip in Assumption 12.31 are equal to 0, we 
have the estimate 



\gt(y,z,u)\ < C 



15,(0,0,0)1 ds 



1 2 1 1 2 

+ C\y\+fi\z\ + n\\u 



which is the counterpart of (|2.14|) . Thus, since the constant term in the above estimate is assumed 
to be small enough, it will play the same role as ||£Hoo ™ ^ ne ^ rs ^ Step of the proof of Theorem 12. II 

For the Step 2, everything still work thanks to the following estimate 



\g t {Y\z\u l ) -g t (Y 2 ,z 2 ,u 2 )\ < {i\z l - z 2 \ (\z l \ + \z 2 \) 

.1 ..211 



+ t 1 \\ u 



ul \\m» t) + \\ u2 \ 



Then, if we define 



(Y t ,Zt,Ut) :=[Y 



g s (0,0,0)ds,Z t ,Ui 



t , 



it is clear that it is a solution to the BSDEJ with generator g and terminal condition £. 



□ 



Remark 2.7. We emphasize that the above proof of existence extends readily to a terminal condition 
which is in W 1 for any n > 2. 
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2.7 Existence for a bounded terminal condition 

We now show that we can still prove existence of a solution for any bounded terminal condition. 
Nonetheless, we will need to strengthen once more our assumptions on the generator, mainly by 
assuming more regularity 

Assumption 2.4. (i) g is uniformly Lipschitz in y. 

\g t (u,y,z,u) - g t (u,y',z,u)\ < C\y-y'\ for all (w, t, y, y' , z, u). 

(ii) g is C 2 in z and there is a constant 9 > and a process (r t )o<t<T G Hbmo> such that for all 
(t,uj,y,z,u), 

\D z g t (u,y,z,u)\ <r t + 0\z\, \D 2 z g t (u,y,z,u)\ < 9. 

(hi) g is twice Frechet differentiable in the Banach space L 2 (u) and there are constants 9, 5 > 0, 
C\ > — 1 + 5, C2 > and a predictable function m E J| MO such that for all (t, uj, y, z, u, x), 

\D u 9t(u,y, z,u)\ (x) < m t (x) + 9 \u(x)\ , Ci(l A \x\) < (D u g t (uj,y,z,u))(x) < C 2 (l A \x\) 

\\Dlg t (u},y,z,u)\\ L2{ut) < 9. 

Remark 2.8. The assumptions (ii) and (Hi) above are generalizations to the jump case of the 
assumptions considered by Tevzadze I36\j . They will only be useful in our proof of existence and are 
tailor-made to allow us to apply the Girsanov transformation of Proposition \2.3X Notice also that 
since the space L 2 (y) is clearly a Banach space, there is no problem to define the Frechet derivative. 

We emphasize here that Assumption 12,41 is stronger than Assumption 12.31 Indeed, we have the 
following result 

Lemma 2.3. If Assumption [K^ ii) and (Hi) hold, then so do Assumption \2. 3\( ii) and (Hi). 

Proof. We will only show that if Assumption I2.4( iii) holds, so does Assumption I2.3( iii) . the proof 
being similar for Assumption 12. 4( h) . Since g is twice Frechet differentiable in u, we introduce the 
process ipt '■= D u gt(y, z,0) which is bounded from above by m and from below by C\ > — 1 + 5 by 
assumption. Thus, ip £ Jbmo - By the mean value theorem, we compute that for some A € [0, 1] and 
with u\ := Xu + (1 — X)u' 

\g t (y,z,u) - g t (y,z,u')- < %fi t ,u- u' > t \ < \\D u g t (y, z,u x ) -ip t \\ \\u - u'\\ L 2^ t) 

< 9 \\Xu + (1 — AW , «-«' ,2, n, 

by the bound on D 2 g. The result now follows easily. □ 
We can now state our main existence result. 

Theorem 2.2. Let £ S L°°. Under Assumptions PO and \2.4\ there exists a solution (Y,Z,U) £ 
S°° x M| MO x J2 MQ n L°°{u) of the BSDEJ (l2T2]l . 

The idea of the proof is to find a "good" splitting of the BSDE into the sum of BSDEs for which the 
terminal condition is small and existence holds. Then we paste everything together. This is during 
this pasting step that the regularity of the generator in z and u in Assumption 12.41 is going to be 
important. 
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Proof. 

(i) We first assume that ^(0,0,0) = 0. 
Consider an arbitrary decomposition of £ 



£ = X> such that ||6 11^ < 



2^/l5V2670^e2 C " r ' 

We will now construct a solution to (|2,2p recursively. 

Step 1 We define g 1 := g and (V , Z 1 ,!! 1 ) as the unique solution of 



for all i. 



T 



zHb s 



T 



Ug(x)/j,(ds,dx), F — a.s. 



(2.16) 



Let us show why this solution exists. Since g 1 satisfies Assumption 12. 4[ we know by Lemma [2.3l that 
it satisfies Assumption 12.31 with <f> t := D z g t (y,0,u) and ipt := D u g t (y,z,0), these processes being 
respectively in H| MO and J| MO H L°°{y) by assumption. Furthermore, we have ?/>t(x) > Ci(l A |x|) 
with Ci > — 1 + (5. Thanks to Theorem 12.11 and with the notations of Lemma 12. 2\ we can then 
define the solution to the BSDEJ with driver g 1 (which still satisfies g 1 (0,0,0) = 0) and terminal 
condition £i under the probability measure Q 1 defined by 



dP 



,dB s + 



T 



ip s (x)iJ,(dx, ds) ] . 



Thanks to Lemma 12.21 this gives us a solution (Y , Z , U ) to (|2.16p with Y 1 bounded, which in 
turn implies with Lemma [27T1 that (Z 1 , U 1 ) G H| MO x J| mo Pi L°°(v). 

Step 2 We assume that we have constructed similarly (y J , Z J , CP) G 5°° x H| MO x J| mo n L°°(v) 
for j < i — 1. We then define the generator 



g\{y,z,u) :=g t [Y t +y,Z t +z,U t +u)-g t [Y t , Z t \U\ 



-1 TT«-1 



where 



i-l 



i-l 



i-l 



j=l j=l j=l 

Notice that g l (0, 0,0) = and since g satisfies Assumption 12 . 1 T in) . we have the estimate 



gt(y,z,u) <2a t + p 
1 



y + Y 



i-l 



i-l 



+ 7 



z + Z 



i-l 



+ 7 



Z 



7 

< 2a 4 + 2/3 



i-l 



+ -J't 7 B+^< 7^ 



7 



ri-l 



^r 1 



+ 3 7 



^r 1 



1 . / Tri-l 



7 



1 • /„ Tr»-1 



+ -Jt 7^t T r jt 27P 



27" 



/3|y| + 2 7 |z| 2 + — j t (2 7 u) 
2 7 



where we used the inequalities (a + b) 2 < 2(a 2 + 6 2 ) and (14. 1QH below with 7 i = 7 2 := l/(2 7 ). 

Then, since {Y % \ Z % 1 , [T X ) G 5°° x H| MO x J| mo n L°°(v) , we know that the term which does 
not depend on (y, z, u) above satisfies the same integrability condition as gt(0, 0, 0) in (|2.6p (see also 
the arguments we used in Remark I2.4p . Therefore, since g l (0,0,0) = 0, we have one side of the 
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inequality in Assumption I2.1f iii) , and the other one can be proved similarly. This yields that g l 
satisfies Assumption 12.11 

Similarly as in Step 1, we will now show that there exists a solution (Y 1 , Z i , U l ) G 5°° x Hg MO x 
Jbmo n to the BSDEJ 



n = d+ / gl(Y s \zi,u l s )ds 



ZldB, 



U l s (x)n(dx,ds), F-a.s. 



(2.17) 



Since g satisifies Assumptions 12.41 we can define 



^t : = D e gl(y,0,u) = D z g t (y,T t ,u), := D u g\(y, z,0) = D u g t (y, z,U\ ). 



We then know that 

\4\ <n + 



K 1 



<m t + - 



, ^ l t(x) > Ci(l A \x\) > -1 + 5. 



Since by hypothesis {Z ,U ) G Hgj^Q x J| mo n L°°{y), we can define a probability measure 

by 



dF 



£ 



\dB s + 



T 



tpl(x)n(dx, ds) ] . 



Now, using the notations of Lemma 12.21 we define a generator g l from g % (which still satisfies 
(f (0,0,0) = 0). It is then easy to check that g l satisfies Assumption 12.31 Therefore, by Theorem 
12.11 we obtain the existence of a solution to the BSDE with generator g % and terminal condition 
under Q\ Using Lemma 12.21 this provides a solution (Y' l ,Z l ,U l ) with Y l bounded to the BSDE 
(|2.17p . By Lemma 12.11 and since g l satisfies Assumption 12.11 the boundedness of Y l implies that 
{Z\ W) G M| MO x J2 mq n L oo^ and therefore that (j 1 ^ J] 1 ) e s°° x M| MO x j| MO n L°°(y). 

Step 3 Finally, by summing the BSDEJs (|2.17j) . we obtain 



Y" = £+ / g s (Y n s ,Z n s ,U n s )ds 



ZldB, 



T 



U^(x)/j,(dx, ds). 



Since Y™ is bounded (because the Y l are all bounded), Lemma [27T1 implies that (Z™, JJ n ) G EIg M o x 
Jg MO n L°°{v), which ends the proof. 

(ii) In the general case gt(0, 0, 0) 7^ 0, we can argue exactly as in Corollary 12.21 (see also Proposition 
2 in [36]) to obtain the result. □ 



2.8 A uniqueness result 

We emphasize that the above theorems provide an existence result for every bounded terminal 
condition, but we only have uniqueness when the infinite norm of £ is small enough. In order to 
have a general uniqueness result, we add the following assumptions, which were first introduced by 
Royer [33] and Briand and Hu [8] 

Assumption 2.5. For every (y, z,u,u') there exists a predictable and £ -mesurable process (7^) such 
that 

9t(y,z,u) - g t (y,z,u') < / Jt(x)(u - u')(x)v t (dx), 

Je 

where there exist constants C2 > and C\ > — 1 + 5 for some 5 > such that 

Ci(lA|z|) <j t (x) <C 2 (lA|z|). 
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Assumption 2.6. g is jointly convex in (z,u). 



We then have the following result 

Theorem 2.3. Assume that £ G L°°, and that the generator g satisfies either 
(i) Assumptions[2J[\2^i),(ii) andWlk 



(ii) Assumptions \2. I\ \2.J\ and \2.6\ and that g(0, 0,0) and the process a appearing in Assumption 
\2.lV iii) are bounded by some constant M > 0. 



Then there exists a unique solution to the BSDEJ (|2.2p . 

In order to prove this Theorem, we will use the following comparison Theorem for solutions of 
BSDEJs 

Proposition 2.7. Let and £ 2 be two Ft -measurable random variables. Let g 1 be a function 
satisfying either 



(i) As sumptions [2l\ [KWi). (ii) andW. 

(ii) Assumptions \2. A \2.3\f i) and \2.b\ and that |^ 1 (0, 0, 0)| +a < M where a is the process appearing 
in Assumption \2. lV iii) and M is a positive constant. 

Let g 2 be another function and for i = 1,2, let (Y l , Z l ,U l ) be the solution of the BSDEJ with 
terminal condition £ l and generator g l (we assume that existence holds in our spaces), that is to say 
for every t £ [0, T] 

Yl = C+ [ T gi(Y s \ Zl, Ui)ds - f T ZldBs - f [ Ul(x)Jl(dx, ds), P - a.s. 
Jt Jt Jt Je 

Assume further that f 1 < £ 2 , P-a.s. and g}(Y t 2 , Z?,U?) < g 2 (Y t 2 , Z 2 ,U?), F-a.s. ThenY t l <Y t 2 , 
P - a.s. 

Moreover in case (i), if in addition we have Yq = Yq, then for all t, Y^ = Y 2 , Z\ = Z 2 and 
Uf = U?, P-a.s. 

Remark 2.9. Of course, we can replace the convexity property in Assumption \2.5\ by concavity 
without changing the results of Proposition 2.1. Indeed, if Y is a solution to the BSDE with convex 
generator g and terminal condition then —Y is a solution to the BSDE with concave generator 
g(y, z, u) := —g(—y, —z, —u) and terminal condition — £. then we can apply the results of Proposition 
W 



Proof. 

Step 1 In order to prove (i), let us note 

SY := Y 1 - Y 2 , 5Z := Z 1 - Z 2 , 5U := U 1 - U 2 , 6£ := f 1 - f 
Sgt := gl(Y 2 , Z 2 , U 2 ) - g?(Y 2 ,Z 2 , U 2 ). 

Using Assumption I2.3f i). (ii), we know that there exists a bounded process A and a process n with 

\ Vs \<fi{\zl\ + \Z 2 \), (2.18) 
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such that 



SY t = 5£, + J^ 5g s ds + J X s 5Y s ds + J (rj s + <j) s )5Z s ds 

+ I* gl{Y},Zlul)-g l s (YlzlU 2 s )ds- C f 6U s (x) 7s (x)v s (dx)ds 

Jt Jt JE 



+ 



5U S (x)j s {x)u s (dx)ds 



5ZedB<, 



T 



6U s (x)fx(dx, ds), 



(2.19) 



where 7 is the predictable process appearing in the right hand side of Assumption 12.51 
Define for s > t, e As := e It x ^ du ^ and 



j s (x)jl(dx,ds) . 



Since the Z % are in Hg MO , so is 77 and by our assumption on 7 S the above stochastic exponential 
defines a true strictly positive uniformly integrable martingale (see Kazamaki [15]). Then applying 
Ito's formula and taking conditional expectation under the probability measure Q, we obtain 



T 

e 1XT 5£+ I e 1Xa 5g s ds 

T 



g l s {Y},ZlU l s )-g l s {Y},ZlU 2 s ) - jf ls (x)5U s {x)u s (dx)^ ds 



< 0, (2.20) 



using Assumption | 

Step 2 The proof of the comparison result when (ii) holds is a generalization of Theorem 5 in [8]. 
However, due to the presence of jumps our proof is slightly different. For the convenience of the 
reader, we will highlight the main differences during the proof. 

For any 6 € (0, 1) let us denote 

SY t := Yl - 6Y 2 , SZ t := Z\ - 9Z 2 , SU t := U\ - 6U 2 , 6£ := - 0£ 2 . 



First of all, we have for all t G [0, T] 



SY t = 5£+ G s ds 



T 



5Z*dB q 



5U s (x)fi(dx,ds), F — a.s., 



where 



G t := gl{Y t \zl Ul) - 0g 2 (Y 2 , Zl 



We emphasize that unlike in [8], we have not linearized the generator in y using the Assumption 
I2.3H ). It will be clear later on why. 



We will now bound Gt from above. First, we rewrite it as 



where 



G t = G] + G 2 + Gt 



G\ := g]{Y t \Zl U}) - g}(Y 2 , Z], U}), G? := g\(Y 2 , Z], U}) - 6g]{Y 2 , Z 2 , U 2 
G 3 t := {gl(Y 2 , Z 2 , U 2 ) - g 2 (Y 2 , Z 2 , U 2 )) . 
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Then, we have using Assumption I2.3H ) 

G\ = g](Y t \ Zl U}) - g](9Y 2 ,Z l t , U}) + g}(9Y 2 , Z}, U}) - g l t (Y 2 , Z\, U}) 

<C(\5y t \ + (l-9)\y 2 \). (2.21) 

Next, we estimate G 2 using Assumption 12. II and the convexity in (z,u) of g 1 
g}(Y t \ Zl Ul) = g\ (y 2 , 9Z 2 + (1 - 9U 2 + (1 - 0)^^) 

< 6gl(Y 2 , Zl U 2 ) + (1 - 9)g\ (y 2 , ^L, ^) 

< 9g\(Y 2 , Zl U 2 ) + (1-9) (M + (3 \Y 2 \) + \5Z t \ 2 + l —^-j t (r^SUt) ■ 



Hence 



G 2 < (1 - 9) (M + p \Y 2 \) + ^L— \6Z t \ 2 + LJLfr (j^- e 8U^ . (2.22) 

Finally, G 3 is negative by assumption. Therefore, using (|2.2ip and (I2.22p . we obtain 

G t <C \SY t \ + (1-9) (M + (P + C) \Y 2 \) + \Z t \ 2 + l —^-j t W) . (2.23) 

Now we will get rid off the quadratic and exponential terms in z and u using a classical exponential 
change. Let us then denote for some v > 

P t ■= e v8Y \ Q t := ue v6Yt SZ t , R t (x) := e uSY *- (e uSUt ^ - 1 



By Ito's formula we obtain for every t 6 [0, T], P — a.s 

rT / v 1 x 

V 2 J Jt Jt JE 



P t = P T + I u p s [G s -^ \5Z S \ 2 - ^-j s (u5U s )^j ds - J Q s dB s - \ \ R s (x)Jl(dx, ds). 



Now choose v = 7/(1 — 9). We emphasize that this is here that the presence of jumps forces us to 
change our proof in comparison with the one in [8]. Indeed, if we had immediately linearized in y 
then we could not have chosen v constant such that the quadratic and exponentials terms in (|2.23j) 
would disappear. This is not a problem in [8], since they can choose v of the form M/(l — 9) with 
M large enough and still make the quadratic term in z disappear. However, in the jump case, the 
application 7 1— > 7~ 1 it(7' u ) is n °t always increasing, and this trick does not work. Nonetheless, we 
now define the strictly positive and continuous process 



' f (m +(fi + C) \Y 2 \ + \8Y S \} ds^j . 



D t := exp I 7 

Applying Ito's formula to DtPt, we obtain 

d(D s P s ) = - vD s P s [g s - V - \5Z S \ 2 - p s (uSU s ) - C \5Y S \ + (1-9) (M + [fi + C) \Y 2 \)^J ds 

+ D s Q s dB s + / D s -R s (x)Jl(dx,ds). 
Je 

Hence, using the inequality (|2.23[) . we deduce 

D t P t <^[D T Pr], F-a.s., 
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which can be rewritten 
1 



SYt < 



1 



In W t 



[M + {P + C)\Y t 2 \ + -^—\5Y s \)ds + -^_ 



1 



1 



a.s. 



Next, we have 



sz=(i-e)e+o(e-e)<(i-o)\e\. 

Consequently, we have for some constant Co > 0, independent of 9, using the fact that Y 2 and £ x 



are bounded ¥ — a.s. 



^<^(ln(C ) + ln(E^ 



cxp 



C 



\SY S \ ds 



a.s. 



(2.24) 



We finally argue by contradiction. More precisely, let 

A: = {^Sl.y/fw))^)}, 

and assume that F(A) > 0. Let us then call M the P-negligible set outside of which (|2.24[) holds. 
Since A has a strictly positive probability, B := A n (Q\J\f) is not empty and also has a strictly 
positive probability. Then, we would have from (I2.24h that for every oj G B 



SYt(u) < 



1 



— HCo) + - 

7 7 Jt 



\\SY S 



oo,B ds i 



(2.25) 



where IMI^g is the usual infinite norm restricted to B. 



Now, using the dominated convergence theorem, we can let 9 f 1 in (12.25|) to obtain that for any 

C r T 



Y t \u)-Y 2 (u)< 



which in turns implies, since B C A 



W-Y 2 



\oo,B 



< 



7 Jt 



C 
7 Jt 



l^s ||oo B 



I s s Moo, is 



But with Gronwall's lemma this implies that lll^ 1 — Y 2 



t t \\oo,B 



and the desired contradiction. 



Hence the result. 



Step 3 Let us now assume that Yq 1 = Yq and that we are in the same framework as in Step 1. Using 
this in (|2.20p above when t = 0, we obtain 



= E^ 
+ E 1 



e AT <5£ + 

T 







1 gl(Y s \zlu})-gl(Y s \zlU 2 )- I 5U s {x) ls {x)v s (dx) ) ds 



o 



< 0. (2.26) 



Hence, since all the above quantities have the same sign, this implies in particular that 



e Ar 5£ + / e J ' s 5g s ds = 0, P - a.s. 



A 







Moreover, we also have P — a.s 

rT 



[ e A * {gl(Y s \ Zl Ul) - gl(Y s \ Z l s , U 2 )) ds = f , 
Jo Jo 



8U s (x)^ s (x)v s (dx) ds. 
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Using this result in (|2,19p . we obtain with Ito's formula 
-T / r \ 



6Y t = J e A * (JjU s (x) ls (x)v s (dx)\ ds - jT e^5Z s {dB s - (rj s + cj> s )ds) 

e A °-5U s {x)Ji{dx,ds). (2.27) 



T 

A 



The right-hand side is a martingale under Q with null expectation. Thus, since 5Yt < 0, this implies 
that Yf 1 = Y-f, F — a.s. Using this in (|2.27p . we obtain that the martingale part must be equal to 0, 
which implies that 5Zt = and 5Ut = 0. □ 

Remark 2.10. In the above proof of the comparison theorem in case (i), we emphasize that it is 
actually sufficient that, instead of Assumption [275[ the generator g satisfies 

gl{Y},ZlU l s )-gl{Y},Z],U 2 s )< [ y 8 (x)6U 8 (x)v a (dx), 

J E 

for some ^ s such that 

Ci{lf\\x\)< ls {x)<C 2 {lf\\x\). 

Besides, this also holds true for the comparison Theorem for Lipschitz BSDEs with jumps proved by 
Royer (see Theorem 2.5 in \3J$ ). 



We can now prove Theorem [27 
Proof. [Proof of Theorem 12. 3| First let us deal with the question of existence. 

(i) If g satisfies Assumptions [27TI I2.4( i).(ii) and I2.5[ the existence part can be obtained exactly 
as in the previous proof, starting from a small terminal condition, and using the fact that 
Assumption 12.51 implies that g is Lipschitz in u. Thus we omit it. 

(ii) If g satisfies Assumptions 12.11 and \2A\ then we already proved existence for bounded terminal 
conditions. 

The uniqueness is then a simple consequence of the above comparison theorem. □ 

Remark 2.11. As a consequence of the nonlinear Doob-Meyer decomposition that we prove in the 
next Section, we will obtain a reverse comparison Theorem in Corollary \3.1\ 



2.9 A priori estimates and stability 

In this subsection, we show that under our hypotheses, we can obtain a priori estimates for quadratic 
BSDEs with jumps. We have the following results 



Proposition 2.8. Let (£, 1 ,£, 2 ) £ L 00 x L°° and let g be a function satisfying Assumptions [Kl\ 
\2.3\( i).(ii) and \2.5l Let us consider for i = 1,2 the solutions (Y\Z\U l ) G S°° x H| MO x j| MO of 
the BSDEs with generator g and terminal condition (once again existence is assumed). Then we 
have for some constant C > 

W Yl - y2 IL + ll^ 1 - ^IIl- m ^ c U 1 - ^ 2 L 

p'-z'C +p x -u% <c\\e-e\L. 

M " n BMO "'BMO "°° 
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Proof. Following exactly the same arguments as in Step 1 of the proof Proposition 12. 7| we obtain 
with the same notations 



a.s. 



Notice then that this implies as usual that there is a version of (U 1 — U 2 ) (still denoted (U 1 — U 2 ) 
for simplicity) which is bounded by 2 nY 1 — Y 2 \ \ - . This gives easily the first estimate. 

II 1 1 Ooo 

Let now r S Tq be a stopping time. Denote also 



5g s := g s (Y s \ Z], U]) - g s (Y 2 , Z 2 , U 2 ' 



By Ito's formula, we have using standard calculations 



E, 



T r-T /• 

\Z S \ ds + / / U 2 (x)u s (dx)ds 

Jt J E 



< E; 



\e-e\ 2 + 2j\Y}-Y 2 )5g s ds 



<\\e-e\L+A\y l -y' 



E r 



\5g s \ ds 



(2.28) 



Then, using Assumption 12.11 we estimate 



\Sg t \<C\ |^(0,0,0)|+ a* + \Y:\ + \zi\+j t ( 7 U l )+j t (- 7 U l ) 



i=l,2 



<C [\g t (0, 0,0)| +a t + ]T + |Z«| 2 + ||E^||* 2 , 



2=1,2 



where we used the fact that for every x in a compact subset of M, < e x — 1 — x < Cx 2 . Using this 
estimate and the integrability assumed on ^(0,0,0) and at in (|2.28p entails 



E 



T 2 [ T [ 

\Z S \ ds + J J U 2 (x)u s (dx)ds 



1 t2||2 



which ends the proof. 



c\\e~e 



i+52\\y* 



+ \\Z l 



+ W 



i=l,2 



□ 



Proposition 2.9. Let (C l ,C 2 ) £ H-" 00 x an d let g be a function satisfying Assumptions \2. 11 \2.3i i) 
and \2.b\ and such that \g{Q, 0, 0)| +a < M where a is the process appearing in Assumption ^. ltf iii) and 
M is a positive constant. Let us consider for i = 1, 2 the solutions (Y'\ Z l ,U l ) € S°° x EIg M Q x Jg M o 
of the BSDEs with generator g and terminal condition (once again existence is assumed). Then 
we have for some constant C > 

IIy 1 -y 2 L + llu 1 - u 2 \\ TOO , . < c He 1 — II 

II llcSoo II IIL°°(i/) — II s s lloo 



\ z l 7 2||2 
\ Zj ~ & IHI2 



J BMO 



<c\\e-e 
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Proof. Following Step 2 of the proof of Proposition 12.71 we obtain for any 9 £ (0, 1) 



Y, 1 - 9Y t 2 1 , / 
' < - In E 



exp 7 / M + (/3 + C) Y s 2 + 1 Q sl ]ds + 7K \ * ; 



1-0 ~ 7 

and of course by symmetry, the same holds if we interchange the roles of the exponents 1 and 2. 

Since all the quantites above are bounded, we obtain easily after some calculations and after letting 
9 1 l - 

Y t ~Y t 2 <C (l^ 1 - e\L + J \K ~ Y s\L ds\v- a.s., 

and symmetrically 

Y t ~Y t l <C - + £ \\Y} - y s 2 L ds\F- a.s. 
Hence, we can use Gronwall's lemma to obtain 

ll^-^L <c\\e 1 -e 2 \\ . 

All the other estimates can then be obtained as in the proof of Proposition 12,81 □ 

3 Quadratic (/-martingales with jumps 



The theory of ^-expectations was introduced by Peng in |31j as an example of non-linear expecta- 
tions. Since then, numerous authors have generalized his results, extending them notably to the 
case of quadratic coefficients (see Ma and Yao [26]). An extension to discontinuous nitrations was 
obtained by Royer |34j and Lin [25] . In particular, Royer [M] gave domination conditions under 
which we can write a non-linear expectation as a ^-expectation. We refer the interested reader to 
these papers for more details about these filtration-consistent operators, and we recall for simplicity 
some of their general properties below. 

Let us start with a general definition. 

Definition 3.1. Let £ E L°° and let g be such that the BSDEJ with generator g and terminal 
condition £ has a unique solution and such that comparison in the sense of Proposition \2. 7| holds 
(for instance g could satisfy any of the conditions in Theorem \2.3\) . Then for every t 6 [0, T], we 
define the conditional g- expectation of £ as follows 

sm --=Yu 

where (Y, Z, U) solves the following BSDEJ 

Y t = £+ [ g t (Y s ,Z s ,U s )ds- [ Z s dB s - f [ U s (x)Jl(dx,ds). 
Jt Jt Jt Je 

Remark 3.1. Notice that £ 9 : L°°(f2, Ft, F) — > L°°(0, J^,P) does not define a true operator. 
Indeed, to each bounded J 7 ? -measurable random variable £, we associate the value Yt, which is 
defined F-a.s., that is to say outside a ¥ '-negligible set N , but this set N depends on £. We cannot 
a priori find a common negligible set for all variables in L°°, and then define an operator £ g on a 
fixed domain, except if we only consider a countable set of variables £ on which acts £ 9 . 
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We have a notion of g-martingales and g-sub(super)martingales. 

Definition 3.2. X G 5°° is called a g-submartingale (resp. g-supermartingale) if 

£ 9 s [X t ) > (resp. <)X S , P - a.s., for any < s < t < T. 
X is called a g -martingale if it is both a g-sub and supermartingale. 

The following results are easy generalizations of the classical arguments which can be found in [31 j 
or [3], and are consequences of the comparison theorem. We therefore omit the proofs. 

Lemma 3.1. {£f } i>0 is monotonic increasing and time consistent, i.e. 

• 6 > 6, P-o-fl. implies that £f (£i) > £f (&), P-a.«., Vt > 0. 

• For any bounded stopping times R < S < r and T T -measurable random variable £ T) 

e a R (e* s (z T )) = s B R (z T )F-a.8. (3.i) 

Definition 3.3. We will say that £ 9 is 

(i) Constant additive, if for any stopping times R < S, any J- '^-measurable random variable rjR 
and any J-s -measurable random variable £s> 

£ R (Cs + m) = £ 9 R (Cs) + vr, 

(ii) Positively homogeneous, if for any stopping times R < S, and any positive Tr- measurable 
random variable X, 

S R (\Zs) = \£ 9 R (Zs). 

(Hi) Convex, if for any stopping times R< S, any random variables (£,g,£l) and any A € [0,1], 

£ R (\e s + (1 - A)£l) < X£ 9 R (e s ) + (1 - A)4(^)- 

The next Lemma shows that the operator £ 9 inherits the above properties from the generator g. 

Lemma 3.2. (i) If g does not depend on y, then £ 9 is constant additive. 

(ii) If g is positively homogeneous in (y,z,u), then £ 9 is positively homogeneous. 

(Hi) If g is moreover right continuous on [0, T) and continuous at T, then the reverse implications 
of {%) and (ii) are also true. 

(iv) £ 9 is convex if g is convex in (y,z,u). 

(v) If g 1 < g 2 , F-a.s., then £ gl < £® 2 . If g 1 and g 2 are moreover right continuous on [0, T) and 
continuous at T , then the reverse is also true. 
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Proof. 

We adapt the ideas of the proofs in [3] to our context with jumps. 

(i) The proof of the first property is exactly the same as the proof of Theorem 6.7.b2 in [3], so we 
omit it. 

(ii) Let g x (t,y, z,u) := jg t (Xy, Xz, Xu). Then {jS^(X^s)} t>0 is a solution of the BSDEJ with 
coefficient g x and terminal condition £5*. If g = g x then 



i£?(A&) =£?(&), 

which is the desired result. 

(iii) The reverse implications in (i) and (ii) are direct consequences of Corollary 13.11 

(iv) Suppose that g is convex in (y, z, u). Let (Y l , Z l , U l ) be the unique solution of the BSDE with 
coefficients (g,Cs)i * = 1)2, and set 

Y t = AY, 1 + (1 - X)Y t \ Z t = XZ\ + (1 - X)Z 2 t and U t {-) = AttfO + (1 - X)U 2 {-). 

We have 

-dY t = [Xg t (Y t \zl Ul) + (1 - X)g t (Y t 2 , Z 2 t , U 2 )] dt - {XZ\ + (1 - X)Z 2 ) dB t 
(AE#(z) + (1 - \)U?(x))ji(dt,dx) 

■1 

= gt(Xt, Z t , U t ) + k(t, Y t \Y t 2 , Zl Zl Ul U 2 , A)l dt - Z t dB t - [ U t (x)jl(dt, dx), 

L J J E 

where 

k(t, Y t l Y t l Zlzl Ulul X) := Xg t (Y t lzl U}) + (1 - X)g t (Y t l Z 2 , U 2 ) - g t (Y u Z u U t ), 
is a non negative function. Then using Proposition 12. 71 we obtain in particular 

£?(x£ + (1 - X)f s ) <% = X£f(e s ) + (1 - X)£f (f s ). 

(v) This last property is a direct consequence of the comparison Theorem 12.71 The reverse implica- 
tion is again a consequence of Corollary 13.11 □ 

Example 3.1. These easy properties allow us to construct examples of time consistent dynamic 
convex risk measures, by appropriate choices of generator g. 

• As already pointed out in Remark \2.4\ defining g t (z,u) := ^ \zt\ 2 + ^jt("fUt), we obtain the so 
called entropic risk measure on our particular filtration. 

• As proved in \3J$ , if we define 

g t (z,u) := rj\z\ + n / (1 A \x\)u + (x)v t {dx) — C\ / (1 A \x\)u~ (x)ut(dx) , 



where n > and — 1 < C\ < 0, then £ 9 is a convex risk measure with the following represen- 
tation = supE Q [f], with 



Q := {Q, ^\?t =£ (J o VsdBs + J J^v s (x)Jl(ds,dx)^ 

with ji and v predictable, |/x s | < 77, v~l(x) < rj(l A x), v~ (x) < C\(l A x)j. 
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• If we define a linear generator g by 

gt(z, u) := az + (3 / (1 A \x\)u(x)ut(dx) , ael, P > — 1 + 5 for some 5 > 0, 
Je 

then we obtain a linear risk measure, since £ 9 will only consist of a linear expectation with 
respect to the probability measure Q, whose Radon-Nikodym derivative is equal to ^§ = 

s(aB t + fof E P(l A \x\)jl(ds,dx)). 

In the rest of this section, we will provide important properties of quadratic ^-expectations and the 
associated g-martingales in discontinuous nitrations, which generalize the known results in simpler 
cases. 



3.1 Non-linear Doob Meyer decomposition 

We start by proving that the non-linear Doob Meyer decomposition first proved by Peng in [32] still 
holds in our context. We have two different sets of assumptions under which this result holds, and 
they are both related to the assumptions under which our comparison theorem 12.71 holds. From a 
technical point of view, our proof consists in approximating our generator by a sequence of Lipschitz 
generators. However, the novelty here is that because of the dependence of the generator in u, we 
cannot use the classical exponential transformation and then use some truncation arguments, as in 
|19| and [26]. Indeed, since u lives in an infinite dimensional space, those truncation type arguments 
no longer work a priori. Instead, inspired by [2], we will only use regularizations by inf-convolution, 
which are known to work in any Banach space. 

Theorem 3.1. LetY be a cddldg g-submartingale (resp. g-supermartingale) inS°° (we assume that 
existence and uniqueness for the BSDEs with generator g hold for any bounded terminal condition). 
Assume further either one of these conditions 

(i) Assumptions \2. il and [2~5\ hold, with the addition that the process 7 does not depend on (y,z) 
and that \g(0, 0, 0)| + a < M, where a is the process appearing in Assumption \2. IV Hi) and 
M > is constant. 

(ii) Assumptions \2. il \2. 3\( i) hold, g is concave (resp. convex) in (z,u), \g(0, 0, 0)| +q < M, where 
a is the process appearing in Assumption \2. l\ iii) and M > is constant. 

Then there exists a predictable non- decreasing (resp. non-increasing) process A null at and pro- 
cesses (Z, U) G M 2 x J 2 such that 

Y t = Y T + f g s (Y s , Z s , U s )ds - [ Z s dB s - [ [ U s {x)Ji{dx, ds) - A T + A t , t e [0, T]. 
Jt Jt Jt Je 

Remark 3.2. We emphasize that the two assumptions in the above theorem are not of the same 
type. Indeed, Assumption \2.5\ implies that the generator g is uniformly Lipschitz in u, which is a 
bit disappointing if we want to work in a quadratic context. This is why we also considered the 
convexity hypothesis on g, which allows us to retrieve a generator which is quadratic in both (z,u). 
We do not know whether those two assumptions are necessary or not to obtain the result, but we 
remind the reader that our theorem encompasses the case of the so-called entropic generator, which 
has quadratic growth and is convex in (z, u). To the best of our knowledge, this particular case which 
was already proved in I29\j . was the only result available in the literature up until now. 
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Proof. 

First of all, if Y is g-supermartingale, then — Y is a g~-submartingale where 

9t(y> z ' u ) '■= -9t(-y,-z,-u). 

Since g~ satisfies exactly the same Assumptions as g, and given that g~ is convex when g is concave, 
it is clear that we can without loss of generality restrict ourselves to the case of g-submartingales. 
We start with the first result. 

Step 1: Assumptions [2TT1 and [231 hold. 

We will approximate the generator g by a sequence of functions (g n ) which are uniformly Lipschitz 
in (y,z) (recall that under the assumed assumptions, g is already Lipschitz in u). We emphasize 
that unlike most of the litterature on quadratic BSDEs, with the notable exception of [2] and [3], 
we will not use any exponential change in our proof. 

Building upon the results of Lepeltier and San Martin |21j . we would like to use a sup-convolution 
to regularize our generator. However, due to the quadratic growth assumption in z, such a sup- 
convolution is not always well defined. Therefore, we will first use a truncation argument to bound 
our generator from above by a function with linear growth. Let us thus define for all n > 

9t{y,z,u) := g t (y,z,u) A [m + n\z\ - | \z\ 2 ^j , 

where the constants (0,7) are the ones appearing in Assumption I2.4( ii). 
It is clear that we have the following estimates 

-M-P\y\-1 |z| 2 - -j t (- 7 «) < g?(y, z, u) < M + \y\ + n \z\ + -j t (ju) , 
2 7 7 

and that g n decreases pointwise to g. 
We now define for all p > n V /3 

g?' p (y,z,u) := sup {g£(w,v,u) - p\y - w\ - p\z - v\} . 

(to,-u)eQ d+1 

This function is indeed well-defined, since we have for p > n 

g^' p (y, z,u) < M H — jt(ju) + sup {/3 \w\ + n \v\ — p \y — w\ — p \z — v\} 

= M + P\y\ +n\z\ + -j t (ju). 

7 

Moreover, by the results of Lepeltier and San Martin [21 j . we know that g n ' p is uniformly Lipschitz 
in (y, z) and that g n ' p (y, z, u) I gt(y, z, u) as n and p go to +00. Finally, we define 

9t{y^ z i u ) '■= 9t ,n {y,z,u). 

Then the g n are uniformly Lipschitz in (y, z, u) and decrease pointwise to g. Now, we want somehow 
to use the fact that we know that the non-linear Doob-Meyer decomposition holds when the un- 
derlying generator is Lipschitz. But this was shown by Royer only when the generator also satisfies 
Assumption 12.51 Therefore, we will now verify that g n inherits Assumption 12.51 from g. First of all, 
we show that this is true for ~g n . 
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Let u l ,u 2 G L°°{v) n L 2 (i/) and fixe some (y,z) G Then if we have 

1 T 2 2 T 2 

g t (y,z,u L ) < M + n\z\ - - \z\ and g t (y,z,u ) < M + n\z\ — — \z\ , 

then 

9?(y> z > ul ) -9t{y,z,u 2 ) = g t (y,z,u l ) - g t (y,z,u 2 ), 
and the result is clear with the same process 7 as the one for g. 
Similarly, if 

g t (y,z,u l ) > M + n \z\ - ^ \z\ 2 and g t (y,z,u 2 ) >M + n \z\ - ^ \z\ 2 , 

then 

g r t l (y,z,u 1 )-g?(y,z,u 2 ) = 0, 
and the desired result also follows by choosing the process 7 in Assumption I2.5I to be 0. 
Finally, if (the remaining case can be treated similarly) 



g^y.z^u 1 ) > M + n\z\ - ^ \z\ 2 and g t (y,z,u 2 ) < M + n \z\ - ^ \z\ 2 

then 



9t{y^ z ^ ul ) -9t(y> z > u2 ) <M + n\z\- - \z\ 2 - g t (y,z,u 2 ) < g t {y,z,u l ) - g t (y,z,u 2 ), 

and the desired result follows once more with the same process 7 as the one for g. 
Next, we show that g n,p inherits Assumption 12.51 from g n . Indeed, we have 

lh' P {y^,u l ) -g?' p (y,z,u 2 ) < sup {g?(w, v, u 1 ) - g?{w, v, u 2 )} , 

(w,v)eQ d+1 

which implies the desired result since the process 7 in Assumption 12.51 does not depend on (y,z). 

Let now Y be a g-submartingale. We will now show that it is also a g n -submartingale for all n > 0. 
Let now y (resp. y n ) be the unique solution of the BSDE with terminal condition Yt and generator 
g (resp. g n ). Since g n satisfies Assumption 12.51 and is uniformly Lipschitz in (y,z,u), we can apply 
the comparison theorem for Lipschitz BSDEJs (see [33]) to obtain 

Y t <y t < y r t l , p - a.s. 

Hence Y is a g n -submartingale. We can therefore apply the Doob-Meyer decomposition in the 
Lipschitz case (see Theorem 1.1 in Lin |25] or Theorem 4.1 in Royer |34j ) to obtain the existence of 
(Z n , U n ) G H 2 x J 2 and of a predictable non-decreasing process A n null at such that 

Y t = Y T + f T g?(Y s ,Z?,U2)ds- C Z n s dB s - f [ (x)Jl(dx , ds) - A T + A n t . (3.2) 

Jt Jt Jt JE 

Since Y does not depend on n, the martingale part of (j3.2[) neither, which entails that Z n and U n 
are independent of n. We can rewrite ()3.2p as 

Y t = Y T + f g?(Y s ,Z 8 ,U a )ds- [ Z s dB s - [ [ U s (x)Jl(dx, ds) - A T + A n t . (3.3) 

Jt Jt Jt JE 
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Since g n converges pointwise to g, the dominated convergence Theorem implies that 



f (g T s l (Y s , Z s , U s ) - g s (Y s , Z s , U a )) ds -> 0, 
J o 

Hence, it holds P — a.s. that for all s € [0, T] 

:=y s -y + / g r (Y r ,Z r ,U r )dr- Z r dB r - 

Jo Jo Jo Je 



a.s. 



U r (x)n(dx, dr). 



-M-f3\y\-j \z\ 2 - -j t (- 7 «) < ^(j,, z, u) < M + /3 \y\ +n\z\+n \\u\\ L2[vt) . 



Furthermore, it is easy to see that A is still a predictable non-decreasing process null at 0. 
Step 2: The concave case. 

We have seen in the above proof that the main ingredients to obtain the desired decomposition 
are the comparison theorem and the non-linear Doob-Meyer decomposition in the Lipschitz case. 
As we have already seen in our comparison result of Proposition 12. 7| Assumption 12.51 plays, at 
least formally, the same role as the concavity/convexity assumption 12.61 Moreover, we show in the 
Appendix (see Proposition IA. 1[) that the non linear Doob-Meyer decomposition also holds in the 
Lipschitz case under Assumption 12.61 instead of Assumption 12.51 We are therefore led to proceed 
exactly as in the previous step. Define thus 

( 7 2 1 

g?(y,z,u) := g t (y,z,u) A I M + n \z\ + n \\u\\ L2{ut) - - \z\ jtiiu) 

Then g n is still concave as the minimum of two concave functions, converges pointwise to g and 
verifies 

7,. ,,2 1 

7 " 

Thanks to this estimate the following sup-convolution is well defined for p > ft V n 

g?' p (y,z,u) := sup {§TO, v, r) - p \y - w\ - p \z - v\ - p \\u - r\\ L2( vt) \ , 

(w,v,r)£Q d + 1 xL 2 {v t ) 1 J 

and is still concave as the sup-convolution of concave functions. 

We can then finish the proof exactly as in Step 1, using the comparison theorem of Proposition 12.71 
and the non-linear Doob-Meyer decomposition given by Proposition IA.11 □ 

Remark 3.3. Following the obtention of this non-linear Doob-Meyer decomposition, it is interesting 
to wonder whether we can say anything about the non- decreasing process A (apart from saying that 
it is predictable). For instance, since we are working with bounded g-supermartingales, we may 
think that K can also be bounded. However, it is already known for classical supermartingales 
(corresponding to the case g = 0) that this is not true. Indeed, let X be a supermartingale and let 
A be the predictable non- decreasing process appearing in its Doob-Meyer decomposition. Then, the 
inequality \X t \ < M for all t only implies that 

E P [{A t ) p } < p\M p , for allp>l. 

Since we have 

Ef [X t -X T \=wF t [A T -A t ], 

we may then wonder if there could exists another non- decreasing process Ct bounded but not neces- 
sarily adapted such that 

[X t - X T ] = Ef [C T - C t ) . (3.4) 
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This result is then indeed true, and as shown by Meyer [21], if X is cadlag, positive, bounded by 
some constant M, then if we denote X the predictable projection of X , the non- decreasing process 
C in (|3.4p is given by 

— h^-r^n^-^))* (3., 

where A c is the continuous part of A. 

If we now consider a g-supermartingale Y satisfying either one of the assumptions in Theorem \3.1\ 
then a simple application of ltd 's formula shows that 

Y t := exp (jY t + 7 Mt + 7 /3 J \Y S \ ds 

is a bounded classical supermartingale, which therefore admits the following decomposition 

% = % + [ Z s dB s + I I U s (x)Jl(dx,ds)+A t , P-a.s., (3.6) 
Jo Jo Je 

for some (Z, U) G H 2 xj 2 and some predictable non- decreasing process A. We can the apply Meyer's 
result to obtain 



Ef [Dr-Dt] 



Y t -Y T 
where D is given by (|3,5D . 

Then, applying Ito's formula to ln(Yt) in (|3.6|) . we can show after some calculations that 

Y t = Y T + [ g t (Y s ,Z s ,U s )ds- [ Z s dB s - [ [ U s (x)Jl(dx, ds) + A T - A t , 
Jt Jt Jt Je 

where (Z, U) G H 2 x J 2 and A is a predictable process with finite variation, and where (Z, U, A) can 
be computed explicitly from (Z,U,A). 

By uniqueness of the non-linear Doob-Meyer decomposition fro Y , A is actually non- decreasing, and 
we have a result somehow similar to that of Meyer, using the relation between A and A. It would 
of course be interesting to pursue further this study. 



We end this section with a converse comparison result for our class of quadratic BSDEs, which is a 
consequence of the previous Doob-Meyer decomposition. 

Corollary 3.1. Let g 1 be a function satisfying either one of the assumptions in Theorem \3.1\ and 
g 2 be another function. We furthermore suppose that t \— > g\{-,-,-) is right continuous in t G [0, T) 
and continuous at T, for i = 1,2. For any £ G L°° , denote for i = 1,2, Y^ the solution of the 
BSDEJ with generator g % and terminal condition £ ( existence and uniqueness are assumed to hold 
in our spaces). If we have 

< if t G [0,71, V£ G L°° , P — a.s., 

then we have 

gj(y,z,u) < g 2 (y,z,u), V{t,y,z,u), P-a.s. 
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Proof. For any £ G L°°, the assumption of the Corollary is equivalent to saying that Y 2 ^ is a g 1 - 
supermartingale. Given the assumptions on g , we can apply Theorem 13.11 to obtain the existence 
of (Z 2 &, U 2 'Z, A 2 £) such that for any < s < t < T 

Y 2 * = j gl (y 2 ^,Z 2 /,U 2 ^ dr- J ' Z 2 /dB r - J* j U 2 ^{x)Jl(dx,dr) + A 2 t ^ -A 2 /, P-a.s. 

(3.7) 

Moreover, if we denote (Y 2 ^, Z 2 ^, U 2 ^) the solution of the BSDEJ with generator g 2 and terminal 
condition £, we also have by definition 

Y 2 * = Y t U + J g 2 r (y 2 ^, Z 2 ^, U 2 '^ dr- J Z 2 '^dB r - J U 2 '^{x)Jl{dx, dr), F - a.s. (3.8) 

Identifying the martingale parts in (|3.7p and (|3.8j) . we obtain that P — a.s., Z 2 ^ = Z 2 ^ and U 2 '^ = 
U 2 ^. Furthermore, this implies by taking the expectation that 



t - s 



f ^ [gl (y 2 ^, Z 2 /, U 2 ^] dr<j^- s f s E p [g 2 (Y r 2 £, Z 2 /, U 2 / 



dr. 



Now, we finish using the same argument as in Chen [9]. Let £ = X? where for a given (s, y$, zq, uq) 
X is the solution of the SDE (existence and uniqueness are classical, see for instance Jacod |14j ) 



X t = yo- / 9r(X r , z ,u )dr + / z dB r + / / 

J s J s J s J E 



uo(x)/j,(dx, dr). 



s JE 

Letting t — > s + , we obtain g](yo, zq, uq) < g 2 (yo, Zq, uq), which is the desired result. □ 
3.2 Upcrossing inequality 

In this subsection, we prove the so-called upcrossing inequality for quadratic g-submartingales, 
which is similar to the one obtained by Ma and Yao |26j in the case without jumps. This property 
is essential for the study of path regularity of g-submartingales. 

Theorem 3.2. Let (Xt) be a g-submartingale (reps, g-supermartingale) and assume that either one 
of the following holds (as usual we assume existence and uniqueness for the solutions of BSDEJ 
driven by g with any bounded terminal condition) 

(i) Assumptions \2. il \2. 3\( i). ( ii) and \2.5\ hold, with the addition that |^(0, 0, 0)| + a < M, where a 
is the process appearing in Assumption \2. IV Hi) and M > is constant. 

(ii) Assumptions \2.f \ \2.S\( i) hold, g is concave (reap, convex), with the addition that 1^(0,0,0)1 + 
a < M , where a is the process appearing in Assumption \2. l\f Hi) and M > is constant. 

Set 

.e^-l 



J ■= 1 M + -ye pT \\X\ 



Denote for any 8 6 (0, 1) 



X t := X t + k(J + l)t, X t := exp (k 9 (l + J)t + TZT() X t) 1 G [°> T ] ' 

where k and k$ are a well-chosen constants depending on 6, C, M, f3 and 7, the constants in 
Assumption \2.1\ Let = to < t± < ... < t n = T be a subdivision of [0, T] and let a < b, we denote 
Ua[X,n], the number of upcrossings of the interval [a,b] by (X tj )o<j< n . Then 
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If (i) above holds, there exists a BMO process (A™, t £ [0, T]) such that 



E- 



U b a [X, n}£ (A" + 4>s) dB s + £ 



j s (x)/j l (dx, ds) 



< 



\\X\\ Soo +2k(J + l)T+ \a\ 



b — a 



where <f> and 7 are defined in Assumption \2.3\( ii) and \2.5\ and such that 



E 







|A?f ds 



<Ci, 



a constant independent of the choice of the subdivision. 
If (ii) above holds, then for any 6 € (0, 1) 



U b a [X,n] 



< 



exp [j^g \\X\\ Soo ) + exp ( j 



■ye 



j6 



b ) - exp [ 



exp v T 

Proof. As usual, we can restrict ourselves to the g-submartingale case. 
Step 1: When (i) holds. 

For any j G 1, • • • , n, we consider the following BSDE with jumps 



y/=X t , + / g a (Yj,Zi,Ui)ds 



ZldB s 



W s (x)Jl(dx,ds), 0<t<tj, F-a.s. (3.9) 



From Proposition 12.61 one has 



< lM - — - + ie m-tj-i) \\ Xt 



ft 



j 1 1 s° 



< J. 



(3.10) 



We can rewrite (j3.9|) as follows 

Hi 



Y> = X tj + j [g s (Y s \ Zi, W s ) - g s (Yi,0, U>j\ ds 

+ f 3 [g s (Yj,0, W s ) - g e (0, 0, W s )] ds + f 3 [g s (0, 0, U>) - g s (0, 0, 0)] ds 



-I g s (0,0,0)ds - Z{dB s - \ j W s (x)Jl(dx,ds), < t < t h 




a.s. 



n Jt Jt JE 

Then by Assumption 12. 3( ii). there exist a bounded process r\ n and BMO processes 0, A n with 



such that 



I A? I < fi Z{ , F - o.s.,Vt E [tj-i,tj] , 



y/ = X t .+ [(A? + 0.) Z| + t£Y/] ^ + / [<? fl (0, 0, 17i ) - 0,(0, 0, 0)] 



+ 



g s (0 1 0,0)ds 



ZidB, 



U 3 S (x)fi(dx, ds) 



t JE 

U 



X tj + J 3 [rftYj + g s (0, 0, 0)] ds + f' [g s (0, 0, U>) - g s (0, 0, 0)] ds 




t JE 



j s (x)U J s (x)u s (dx)ds 



Zi (dB s - (A? + cf) s )ds) 



U 3 s (x) \n(dx,ds) — ^ s (x)v s (dx)ds\ 



t JE 

< X t , + k(J + 1)(^ - t) - J ' Z'dB? 



U 3 (x)Jlx(ds, dx), 



t JE 



3(3 



for some positive constant k and where 



:= B t — I (A™ + 4> s )ds and H\(ds, dx) = fi(dx, ds) — r y s (x)u s (dx)ds. 
Jo 

With our Assumptions, we can once more use Girsanov's theorem and define an equivalent proba- 
bility measure P n such that 

dF n 



£[ / (A? + s )(i5 s + / / ls (x)Jl(dx,ds) 

UJr \Jo JO JE / tn 

Taking the conditional expectation on both sides of the above inequality, we obtain 
£? [X tj ] = Yl < Ef [X tj ] + k(J + l){tj - 1), P- a.s.yt £ fe-i.ty] . 
In particular, taking t = tj—\ we have 

X t ,_ x < £? 3 i [X tj ] < E^ [X tj ] + k(J + l)(t, - tj-!), P - a.s. 
Hence (X tj )j=o.. n is a P n -submartingale. Define now the quantities 

u t := b + k(J + l)t and l t := a + k(J + l)t. 
Then, we can apply the classical upcrossing inequality for X, u and I 



E 



E ¥ "[U?[X,n]]< 



Xt — It 



< 



\X\\ goo +2k(J + 1)T+ \a\ 



ut — It b — a 

Notice then finally that U^[X,n] = U^[X,n], which implies the desired result. 
Step 2: When (ii) holds. 

Using the same arguments as in the proof of (ii) of Proposition ^. 7\ we can show, using the concavity 
of g and Assumption 12. 1| that for any 8 G (0, 1) 



e gt ( y , z, u) < gt(o, o, o) + ce \ y \ + (i - o)m + -\e 2 \z\ 2 + — 

1 — 8 7 



-Ji 



< CO \y\ + (2 - e)M + -^—„8 2 \z\ 2 +~ 



1 



7 



-Jt 



-y9u 
1-8 



Hence, considering as in Step 1 for any j = 0...n the solution Y 3 of (|3.9p . we can use the same 
exponential transformation as in Step 2 of the proof of Proposition 12.71 to obtain 



exp 



70 



2-8 



< exp 7 



ex P [ T^e Xt > + 1 T~e M ( *> ~ t) + T 

CJ 



\Yj\ds 



1 - 



+ M(2 - 8) (tj — i) ) E: 



7# v 
exp ( rr^X t 



<exp(k e (l + J){tj-t))W t 
for some constant kg depending on 7, C, M and 8. 



l0 Y 



37 



As in Step 1, choosing t = tj-i and using the fact that X is a g-submartingale, we deduce that 
(Xtj)j=o..n is a P-submartingale, where 



k e (l + J)t + rf^X t 



Define now the quantities 



u\ := exp (k g (l + J)t + YZ~§^j and l t : = ex P (M 1 + J ) t + J_—§ a 
We apply the classical upcrossing inequality for X, u 9 and I s 



E p [uf[X,n]] < 



X - - \% 



< 



ex P (jz% \\ x \\s°°) + ex P (l^ l a l) 



exp (j^b) - exp (^a) 

which ends the proof, noticing that Uff[X,n] = U%[X, n]. □ 

With this upcrossing inequality in hand, we can argue exactly as in |26] (see Corollary 5.6) to obtain 

Corollary 3.2. Let g be as in Theorem \3.SX Then any g- sub (super) martingale X admits a cadlag 
modification and furthermore for any countable dense subset T> of [0, T], it holds for all t G [0, T] 
that the two following limits exist P — a.s. 

lim X r and lim X r . 

rft, rev rit, rex> 

4 Dual Representation and Inf- Convolution 

We generalize in this section some results of Barrieu and El Karoui [3] to the case of quadratic 
BSDEs with jumps. We give a dual representation of the related ^-expectations, viewed as convex 
dynamic risk measures and then we compute in an explicit manner the inf-convolution of two convex 
(/-expectations. 



4.1 Dual Representation of the (/-expectation 

We will assume in this section that gt(y, z, u) = gt(z, u) is independent of y and that the function g 
is convex. We will prove a dual Legendre-Fenchel type representation for the functional £ 9 , making 
use of the Legendre-Fenchel transform of g. This problem has been treated by Barrieu and El Karoui 
[3] in the case of quadratic BSDEs, we extend it here to the case of quadratic BSDEs with jumps. 

In this section, £ 9 will correspond to a time consistent dynamic convex risk measures. Hence 
£ 9 admits a dual representation, as in [3]. In this particular case of risk measures constructed 
from backward SDEs, the penalty function appearing in the dual representation is an integral of 
the Legendre-Fenchel transform of the generator g. The operator £ 9 , viewed as a time-consistent 
dynamic convex risk measure has interesting economic applications in insurance. 

For fi E Mr and v S L 2 {y), define the Legendre-Fenchel transform of g in (z,u) as follows 
G t (fi,v) := sup {< fi, z > Rd + < v,u >tf(u t ) -9t{z,u)} . 

(z,u)eR d xL 2 (u t ) 

Let A denote the space of applications v £ Jbmo ^ L°°(v) such that there exists a constant 5 > 
with vt(x) > — 1 + 5, P x dt x dv t -a.e. 
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Theorem 4.1. Let g be a given convex function in (z,u) and let Assumptions [2~1\ and \2.J\ hold 
; assume that ^(0, 0,0) and the process a appearing in Assumption \2.1\f iii) are bounded by some 
constant M > (then, the existence and uniqueness of the solution of the BSDEJ with generator g 
and terminal condition £ G L°° hold by Theorem \2.3\ (ii)). We then have 



(i) For any £t £ L°° , 



ess sup 

(A 1 ,-u)6H| MO x^l 



E 



j t G s (fj, s ,v s )ds | , 



a.s. 



where Q^' 1 ' is the probability measure defined by 

dn^ v ( r- 

S / fi s dB s + 



dF 



o 




JE 



v s (x)fj,(ds, dx) 



(ii) Moreover, there exist measurable functions fJ,(w, t) and v(uj, t, ■) such that 



T 



6r - / G s (^ s ,v s )ds 



a.s. 



(4.1) 



Proof. Thanks to the Kazamaki criterion (see for instance Lemma 4.1 in |28j). we know that if 
fi G H| MO and v G JbmO' then T^ >v := d< ^ is a true martingale and the probability measure 
is well defined. 



Sf (£r) is by definition solution of 



= g s (Z s ,U s )ds- [ Z s dB s - [ [ U s (x)Jl(ds,dx) 

Jt Jt Jt Je 

= £r + J [g s {Z s , U s )- < fi s , Z s > Rd - < v s , U s >l*(v s )] ds 



T 



Z s dB% 



t JE 



U s (x) ijl v (ds , dx) , P — a.s., 



(4.2) 



where B^ := Bt — J*q /J, s ds is a Q^-Brownian motion and 



W([0,t],A) :=ft[0,t],A) 



J A 



v s {x)v s (dx)ds is a Q ll,v — martingale. 



By Lemma [2.11 Z G Hbmo an< ^ U G Jbmo- Let us P rove that we also have (Z,J) G 
J 2 (Q /1,V ). Indeed, using the number r > 1 given by Proposition [2 





' f T 2 " 




f T " 




/ \ZJ ds 
Jo ' ' . 


= E P 


^fi,v / \Z S \ ds 
Jo 



< 



l/r 



E J ' 



\Z„\ ds 



1/9 



< +oo, 



where l/r + 1/q = 1 and where we used Proposition 12.41 and the energy inequality (|2.3p . The proof 
for J is the same. 



Moreover, 



-G t {n,v) = - sup {(fx, z) ud + <v,u >L2 (vt) -gt(z, u)} < g f (0,0), 

(z,u)eR d xL 2 (u t ) 
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which means that —Gt(fJ>,v) is Q^' - " x <ii-integrable. Using these integrability properties and the 
definition of G, we take the conditional expectation in (|4,2p to obtain 

i-T 



6r 



G s (^ s ,v s )ds 



(4.3) 



By our assumptions, g is C 2 in z and twice Frechet differentiable in u, then dg(Zt,Ut) contains a 
unique element, where the subdifferential dg is defined by 

dg(Z t , U t ) = [(fi,v) €R d x L 2 {u t ) s.t g t (z',u') > g t (Z t , U t )- <fi,z' - Z t > Rd 

- <v,u' -U t > L 2(u t )i V(z',u )|. 

We take (%v) G dg(Z t ,U t ). We have 

g t (Z t ,U t ) =<JI t ,Z t > Rd + <v t ,U t >L2(v t ) -G t (flt,vt). 

We refer to [3] for the measur ability of 71 and v with respect to the variable lo. We use Assumption 
12.31 (which holds, since it is implied by Assumption 12. 4p to write 

\gt(z,u)\ < \g t (z,0)\ + \\D u g t (z,0)\\ 2 L 2 {l/t) \\u\\ 2 L 2 {l/t) + C \\u\\ 2 L 2 {vt) 

<\ gt (W)\ + C\z\ 2 + c(l + \\u\\ 2 L2{ut) ) 

<C\z\ 2 + c(l + \\u\\ 2 L2{ut) ), 

where C is a constant whose value may vary from line to line. Putting the above estimation in G 
leads to 

Gt&t'Vt) = sup {< JI t ,z > Rd + < v t ,u >u>(yt) ~9t{z,u)} 

(z,u)GR d xL 2 (u t ) 



> SUP {< V U U >I?(v t ) ~C ~ C\\u\\ 2 L 2, )] + SUP {< 



(«*) 

v t\\mu t ) ~ c + — \m 



7 I |2\ 



4C 



From this, we deduce that for e < 



AC 



— i2 



777 ~ e ) (IKI&^J + KI 2 ) ^ G t (jit,vt) + C-e \\v t \\ 2 L 2 {l/i 



= C - gt(Z t ,Ut)+ < v t ,U t >l» -e IKHl^) 
+ < > -e|7tt| 2 

<C7-^(Z,,C/,) + ^ll^lli 2 H + ^l^| 2 - 



Since \gt(Zt, Ut)\ 2 and £7 are respectively in H| MO and JbmO' usm S the fact that 

1 

4C ~ 



.._ ||2 / 1 



1 \ ,— ,2 ^ 



4C 
1 



(|NIl» + l^l 2 ) and, 

{\\Vt\\ 2 L 2 { „ t) + |Mt| 2 ) , 



,4c 7 ~ V 4 c 

we obtain that v is in JJ| MO and /Z is in KIg M Q. 

Furthermore, by our assumptions, v = D u g > —1 + 5 and v is bounded, then v £ A. The inequality 
()4.3p is thus an equality, and the representation (|4.ip holds true. □ 
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4.2 Inf-Convolution of (/-expectations 

Let gj(z,u) and g 2 (z,u) be two convex functions such that 

(g 1 D</ 2 )(t ) 0,0)= inf {glM+g*(-n,-v)} >0. (4.4) 

(At,D)6M d xL 2 (^ t ) 

The aim of this Section is to compute the optimal risk transfer between two agents using £ 9 and 

2 

£ 9 as risk measures. The total risk is modeled by a J^-measurable random variable £t- The 

1 2 

optimal risk transfer will be given through the inf-convolution of the risk measures £ 9 and £ 9 . We 
will show that, provided that all the quantities considered behave well enough and are in the right 

1 2 

spaces, we can identify the inf-convolution of £ 9 and £ 9 as the solution of a BSDE whose generator 
is the inf-convolution of g 1 and g 2 . Furthermore, we will explicitly construct two J^-measurable 
random variables F^ and such that Frjp + F^ = £y and 



We will say that (F^ \ F^) is the optimal risk transfer between the agents 1 and 2. 

For this purpose, and for the sake of simplicity, we will assume throughout this section that the 
solutions to all the considered BSDEs exists. Notice that this is not such a stringent assumption. 
Indeed, when it comes to the growth condition of Assumption ^. 1\ if we assume that g 1 has quadratic 
growth in z and u and is strongly convex in (z,u), that is to say that there exists some constant 
C > such that 

1/ <> ^ (\ |2 , II I ■ 2 
9t\ z i u ) ~ ^ {\ Z \ + ll«llL3(i*) 

is convex, then, because g 2 is convex, it is a classical result that g^^Og 2 also has quadratic growth. 



Furthermore, we are convinced that as in the classical results by Kobylanski pjj] in the continuous 
case, this growth condition should be enough to obtain existence of maximal and minimal solutions 
to the corresponding BSDEs. 

Remark 4.1. Notice that since our generators are defined on O x [0,T] L 2 (v) H L°°(u), a 

quadratic growth condition on u is equivalent to the exponential growth assumed in Assumption \2. 1\ 



Theorem 4.2. Let g 1 and g 2 be two given generators satisfying the assumptions of Theorem \4- 1\ 
Denote (£ t ' (£r),Z t , U t ) the solution of the BSDE with generator g 1 dg 2 and terminal condition £t> 
and let {z[ l \ f7 t ) and (Z^ , U^) be four predictable processes such that 

(g l ng 2 )(t, Z t , U t ) = g]{z[ l \ui l) ) + g 2 {zf \ E>f >) dtxF- a.s. (4.5) 

Then 

(i) For any JFt -measurable r.v F £ L°°, 

£ l t ' 2 {£,T) < £((JLt - F) + sf(F), P - a.s., Vt e [0,71. (4.6) 



(ii) Define 

4 2) ■= f T g 2 s (ZP,UP)ds- f T Z®dB s - [ T [ U( 2 \x)jl(ds,dx), 
Jo Jo Jo Je 
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and assume that the BSDEs with generators g 1 and g 2 and terminal conditions £t — Fj, o-nd Fj, 
have a solution. 

If furthermore £ H|mo an< ^ &® G ^bmO' ^ = 1,2, then 

^ 1 US^ T )=8 1 t '\ T ) = 8f^ T -FP) + £f{F^). (4.7) 

Proof. (Z^ 2 \ll^) is well defined and predictable thanks to Proposition 8.1 in [3]. For F £ L°°, 
S( (£t - F) + (F) is solution of 

d(sf (fr -F)+ Sf (F)) = {gj(Zl U}) + g 2 (Z 2 , U 2 )) dt - {Z\ + Z 2 )dB t 

- [ (Ut(x) + U 2 (x))Jl(dt,dx) 
Je 

= {gj(Z t - Z 2 , U t - U 2 ) + g 2 (Zl U 2 )) dt - Z t dB t 
Ut(x)jl(dt, dx) 

and 8$ (fr -F)+ 4 2 (F) = £ T . 

Since g 1 satisfies the convexity Assumption 12.61 then the function (z,u) i— > g\(z — Z 2 ,u — U 2 ) — 
g 2 (Z 2 , U 2 ) is also convex, and we can apply the comparison theorem which directly implies inequality 
(USD. 

Assume now that ZW £ H| MO and £ Jbmc * ~~ an< ^ define ^ by by the following 
forward equations 

F t (l) ■=- [ t gi(Z®,U®)ds+ [ t zWdB.+ f [ UP(x)Ji(ds,dx). 
Jo Jo Jo Je 

Then we have 

F t {i) = F^ + [ T gi(ZP,UP)ds- FzjpdB,- F [ U®(x)jl(ds,dx), 
Jt Jt Jt Je 

and by uniqueness, = £f (F^). 
Since 

{g l Ug 2 ){t,Z u U t ) = gj(Z^\ui 1] ) + g 2 (zl 2 \ui 2) ) dt x P-a.s., (4.8) 
we have the equality 

Writting this last equality at time T, we obtain that Frp + F^ = £t- 

We can conclude that the processes £f (F^) + £f (F^) and £ t 1,2 (£r) ar e solution of the BSDE 
with coefficients (g 1 Og 2 , £t)j by uniqueness we have that equality (|4.7|) holds. □ 

4.3 Examples of inf-convolution 

In this Section, we use the previous result on the inf-convolution of ^-expectations to treat several 
particular examples. 
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4.3.1 Quadratic and Quadratic 

We first study the inf-convolution of two dynamic entropic risk-measure. This example is treated by 
Barrieu and El Karoui [3] by a direct method, they find that the optimal risk transfer is proportional 
in the sense that there exists a £ (0, 1) such that 

(^□^ 2 )(£r) = £ 9 \afr) + ^ 2 ((1 - a)fr). 

We retrieve here this result using Theorem 14.21 For this, we first need to study the inf-convolution 
of the two corresponding generators g l , i = l,2 



i,9 r i 



gl( Zi u):= — \z\' + ll I [ e~ - 1 - ^) u t (dx), (4.9) 
2 li Je\ li J 

where (71,72) G W + x W + . 

Lemma 4.1. Let g 1 and g 2 be the two convex generators defined in equation (|4.9j) . For any bounded 
Ft -measurable random variable £r, we have, 

V71 + 72 / V71 + 72 / 

Proof. 

We can calculate 
{g l Ug 2 ){t,z,u) 

■ f J 1 I |2 , 1 I |2 

= mi < \v\ H \z — v\ 

v [ 271 272 

f r ( 2^ w(x)\ r ( u(x)-w(x) u ( x \ _ w ( x )\ , , s 

+ inf 1 71 y f e ti - 1 - -A-ZJ i/ t (dx) +12 J [e "» - 1 - ^ ; V - j ^(ds] 

The first infimum above is easy to calculate and is attained for 

7i 

U := z. 

7i + 72 

For the second one, we postulate similarly that it should be attained for 

7i 

w := u. 

71 + 72 

In order to verify this result, it is sufficient to prove that for all (x, y) £ M 2 

( E+M x + v \ ( S- x \ ( jl v \ 

e 7i+72 - 1 y — < 71 eTi - 1 + 72 eT2 - 1 - — . (4.10) 
71 + 72/ V 71/ V 72/ 

Set A := 71/(71 + 72), a '■= x/ji, b := y/72 and h(x) := e x — 1 — x, this is equivalent to 

h(Xa + (1 - X)b) < Xh(a) + (1 - X)h(b), 

which is clear by convexity of the function h. 
Therefore, we finally obtain 

1 f ( "M u(x) \ 

(g 1 Dg 2 )(t,z,u) = | z | 2 + (71+72) / 6 7 1+ 7 2 _ 1 \ Vt {dx). 

2(71 + 72) Je V 71 + 72/ 
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Using the notations of Theorem 14.21 we can compute the quantity i 7 ^ , giving the optimal risk 
transfer 

4 2) = (~ [ T ~o7 ~i &dt + [ Z t dB t +11 U t (x)Jl(dt, dx)) . 

7i + 72 V Jo 2 (7i + 72) Jo Jo Je ) 

By definition of and and using the fact that F^ + F^ ] = £ T , we obtain 

if } = 72 fr. 
71+72 

□ 



4.3.2 Linear and Quadratic 

Here, we assume that d = 1. We study the inf-convolution of a dynamic entropic risk-measure with 
a linear one corresponding to a linear BSDE. In this case, we want to calculate the inf-convolution 
of the two corresponding generators g 1 and g 2 given by 



^,n):=-M 2 + 7^(e, - 1 - -^J 



vt{dx), 



and 

g 2 (z,u) := az + j3 / (1 A \x\)u(x)u t (dx) , 
Je 

where (7, a,j3)el^xlx[-l + (S, +00) for some 5 > 0. 

Lemma 4.2. Zei g 1 and g 2 be defined in the two previous equations. We have, for any bounded 
Ft -measurable random variable £t, 



(8 9 UE 9 ){i T ) = £ 9 (Frf ) + 8 9 (Frp ), 



where 



=£r + \a 2 lT + 7 / / (/3(1 A |x|) - ln(l + A \x\)))v t {dx)dt - a^B T 
2 Jo Je 

-7/ / ln(l + A \x\))Jl(dt, dx), 
Jo Je 

andF^ =£ T -_4 2) . 

(2) 

Remark 4.2. Notice that F^ has no longer the linear form with respect to £y obtained in the 
previous example. Now, the agent 2 receives the value £t perturbed by a random value only depending 
on the data contained in the filtration, i. e the Brownian motion B and the random measures [i and 

Proof. We start by computing the inf-convolution in (z, u) of the generators: 

{g l Ug 2 ){t, z, u) = inf |i- \v\ 2 + a(z - v)\ 

I r / w(x) ivix) \ f 
+ inf 1 7 J le~ - 1 —\ u t (dx) + /3 J (1 A \x\) (u(x) - w(x)) u t (dx) 
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The first infimum above is easy to calculate and is attained for 

v* := cry. 

Similarly, it is easy to show that the function w->7^e 7 — 1 — + 0(1 A |x|) (u(x) — w) attains 
its minimum at w* := 7ln(l + 0(1 A \x\)). Therefore, we finally obtain 

<y:V)(t,,z,u) =az-^p-+ / 0(1 A \x\)u(x)u t (dx) 



+ / 7 [0(1 A|x|)-(1 + 0(1 A|x|))ln(l + 0(1 A\x\))]v t {dx). 



>E 

Notice that all the quantities appearing in g 1 Og 2 are finite. Indeed, we first have for any u £ 
L 2 (u)nL°°(u) 

|/3(1 A \x\)u(x)\ < 2 (1 A \x\ 2 ) + (u(x)) 2 , (4.11) 

and this quantity is therefore ft-integrable for all t. Then, since > —1 + 5, it is also clear that for 
some constant C$ > 

< (1 + 0(1 A |a?|)) ln(l + 0(1 A \x\)) - 0(1 A \x\) < C s (l A \x\ 2 ), (4.12) 

and thus the second integral is also finite. 

(2) 

We can now compute for instance the quantity Fj, ' , which is given after some easy calculations by 



4 2) =- / (<xZ t + P I (lA\x\)U t (x)n{dx))dt+ [ Z t dB t + I [ U t 
Jo V J E J Jo Jo Je 

+ a 2 -yT + 7/9 / ( (1 A \x\) ln(l + 0(1 A \x\))v t (dx)dt - a-fB T 
Jo Je 



x)^(dt, dx) 



-7/ [ \n(l + /3(lA\x\))Ji(dt,dx). 
Jo Je 

Recall that (Z, U) is part of the solution of the BSDE with generator g 1 Og 2 and terminal condition 
St- 

Similarly, we can compute the value Fj- , , and using the fact that F^ ] + F^ = £ T , we obtain 



1 



2 



T 



£ T =-Oi^T + 7 / / ((1 + 0(1 A \x\j) ln(l + 0(1 A |x|)) - 0(1 A |x|)) i/ t (da;)dt 



JE 

T 



- [ g 2 {Z t ,Ut)dt+ [ Z t dB t + [ [ U t (x)Jl(dt,dx). 
Jo Jo Jo Je 

And finally, we can conclude that the optimal risk transfer takes the form 

Ft* =6t + \o?lT + 7 / / (0(1 A \x\) — ln(l + 0(1 A \x\)))v t {dx)dt - a^B 7 
1 Jo Je 

-7/ J ln(l + 0(1 A \x\))Ji(dt, dx). 
Jo Je 



□ 
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4.3.3 Absolute value and Quadratic 

Here, we study again the example of the entropic risk measure, i.e. we keep the generator g 1 given 
by 



1 



1 _ u ^ 



1 



vt{dx), 



where 7 > 0. The generator g 2 correspond to the second example of risk measure given in Examples 
EH i.e. 

«,?(,,») := , N + , [ (1 A M)„+(* W <ix) — Ci f (1 A M)."^^), 



where r/ > and — l + 5<Ci<0 for some 5 > 0. 
Then 



(/□ ff 2 )(M, U ) =inf 



u [27 



1 ■ ,2 

U| + Tj \Z — V\ 



+ inf ^ 7 / I e t — 1 



w(x) 



7 



u t (dx) + 77 / (1 A |rc|) (u(x) — tu(:e) + ) ft{dx) 



-Cij (1 A |x|) (u(x) - w(x)~) u t (dx)Y 
These infima are easy to calculate and are attained at (v*,w*) defined by 

V* = /i7l{ z >^ 7 } - ^7 1 {z<-M7} + zl {-»7<z<H7} 

W*(x) = V , ( r / 5 ^)l{u(2 : )>^(»?,x)} +^'(Cl; a; ) 1 {ii(a;)<V)(Ci,a:)} + u { x )^-{i)(Ci ,x)<u(x)<if>(n,x)} ■ 
where ip(r,x) := 7ln(l + r(l A \x\)). We finally obtain 

(g 1 Og 2 )(t,z,u) = A(z) + B(u), 



where 



/i7<z</i7} 



fl(u) := / [Ci(l A + - ^(Ci, x)(l + Ci(l A M))!^)^!,*)}] i^(ds) 



+ / [??(! A |a;|)(7 + — ijj(r),x)(l +7/(1 A M))l{tt(s)>V>(»?,a;)}] ^t(dx) 



+ 



_tM u(x, 
7 ( e t — 1 



{^(Ci,x)<u(a;)<i/i(7?,x)} 



v t {dx), 



that is to say this inf-convolution is equal to a linear function outside a given set, and is quadratic 
inside the set (in z and u). Notice that all the quantities appearing in B(u) are finite, thanks to the 
inequalities (|4.1ip and (|4.12p given in the previous example. 

Now to have the optimal risk transfer, we calculate -F^, 1 '' and using their definition. We obtain 
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for example for F T ' 



(2) 



f t } = / (^7 - vZt)l{\z t \> m }dt 
Jo 

77(1 A \x\) (il)(r],x)l {Utix)>1 p^ x)} + U t {x)l {0<Ut{x)< ^ x)} ) 



T 



JE 



Ci(l A |x|) {ip(Ci,x)l [Ut{x)<Hc ^ x)} + U t (x)l mc ^ x)<Ut{x)<0} ) v t {dx)dt 



+ 



T 



U t (x) - lp(T],x)l{Ut(x)>1>(T,,x)} + VK^l: £C ) 1 {l7t(s)<V<ei,aO} 
+ ^t(^)l{t/>(Ci,x)<C/ t (x)<t/>( ?? ,x)})^(rf^rf a:; ) 5 

where (Z, J7) is part of the solution of the BSDE with generator g 1 Dg 2 and terminal condition 



And we have of course F, 



(i) 



(2) 
T ■ 



Remark 4.3. In this example, the optimal transfer has again no longer the proportional form found 
in example 1. Moreover, this time we are only able to calculate F T ^ and F^ in function of (Z, U), 
where, as defined before, (£ t 1,2 (£r)\ Z t ,Ut) denotes the solution of the BSDE with generator g 1 Dg 2 
and terminal condition 



A Appendix 

Proposition A.l. Let g be a function satisfying Assumption \2.lV i), which is uniformly Lipschitz 
in (y,z,u). Let Y be a cadlag g-submartingale (resp. g-supermartingale) in S°° . Assume further 
that g is concave (resp. convex) in (z,u) and that 

9t(y, z, u) > —M - \y\ - ]- \z\ 2 - ~j t (-ju). 

2 7 

7 2 1 \ 

resp. g t {y,z,u) < M + f3\y\ + — \z\ + -jtilfu) . 

2 7 / 

Then there exists a predictable non- decreasing (resp. non-increasing) process A null at and pro- 
cesses (Z, U) £ H 2 x J 2 such that 

Y t = Y T + [ g s (Y s ,Z s ,U s )ds- f Z s dB s - [ [ U s (x)Jl(dx,ds) - A T + A u t G [0,T]. 
Jt Jt Jt Je 

Proof. As usual, we can limit ourselves to the g-supermartingale case. Let us consider the following 
reflected BSDEJ with lower obstacle Y, generator g and terminal condition Yt 

Y t = Y T + [ g s (Y s ,Z s ,U s )ds- [ Z s dB s - [ [ U s (x)jl(dx,ds) + A T - A u t e [0,T], P - a.s. 
Jt Jt Jt Je 

Y t >Y u te [0,T], F-a.s. 

Y s - - Y 3 - ) dA s = 0, P - a.s. (A.l) 







The existence and uniqueness of a solution consisting of a predictable non-decreasing process A and 
a triplet (Y, Z, U) 6 S 2 x H 2 x J 2 follow from the results of |12] for instance, since the generator is 
Lipschitz and the obstacle is cadlag and bounded. 
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We will now show that the process Y must always be equal to the lower obstacle Y, which will 
provide us the desired decomposition. We proceed by contradiction and assume without loss of 
generality that Yq > Yq. For any e > 0, we now define the following bounded stopping time 

t £ := inf jt > 0, Y t <Y t + e, P - a.s.\ A T. 

By the Skorokhod condition, it is a classical result that the non-decreasing process A never acts 
before t £ . Therefore, we have for any t G [0, r e ] 



Y t = Y Te + 



g s (Y s ,Z s ,U s )ds 



ZedBe 



U s (x)/i(dx,ds), F — a.s. 



(A.2) 



Consider now the BSDEJ on [0, r £ ] with terminal condition Y Te and generator g (existence and 
uniqueness of the solution are consequences of the result of pQ or [23] ) 



Y t = Y Te + 



g s (Y s , Z s , U s )ds 



ZedBe 



U s (x)'jj,(dx,ds), P — a.s. 



(A.3) 



Notice also that since Y and g(0, 0, 0) are bounded, Y and Y are also bounded, as a consequence 
of classical a priori estimates for Lipschitz BSDEJs and RBSDEJs. Then, using the fact that g is 
convex in [z, u) and that 

9t(y, z, u) < M + ft \y\ + - \z\ +-jt(rfu), 

2 7 

we can proceed exactly as in the Step 2 of the proof of Proposition 12.71 to obtain that for any 
0€(O,1) 



Y - 6Y < 



1 









C 




(V 


exp ^7 J \M + C 


% 


+ i-e 


Y s - 8Y S 











ds + 



•XY Te -6Y Te 



< (1 - 9) ln(Co) + C 



Y s - 6Y X 



ds + 



Y Te - 9Y T£ 



where Co is some constant which does not depend on 9. 

Letting 9 go to 1, and using the fact that by definition Y Te — 9Y Te < e, we obtain 



Y Q - Y < Ce + C 







f 


Y s -Y s 


/o 





ds. 



(A.4) 



But since Y is a g-supermartingale, we have by definition that Yq < Yq. Since we assumed that 
Yq > Yq, this implies that Yq > Yq. Therefore, we can use Gronwall's lemma in (|A.4|) to obtain 

< % - % < Cte, 

for some constant C\ > 0, independent of e. 

By arbitrariness of e, this gives us the desired contradiction and ends the proof. □ 
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